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Introduction
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Chapter 1. Introduction 2
The theory of graphs is not only one of the major areas of combinatorics, but it is
developing into one of the major as well as important areas of mathematics. This theory
has numerous applications in diversified fields like computer technology, communica-
tion network, electrical network etc. Over the past fifty years graph theory has become
one of the most rapidly growing areas of mathematics. Since 1960 more than 15000
different published papers are classified as graph theory and from the past few years re-
search papers on graph theory are occupying more and more pages in scholarly journals.
Graph theory has attracted mathematicians and scientists from different disciplines like
number theory, algebra, topology, computer science and engineering.
There are many potential fields of research in graph theory like algebraic graph
theory, topological graph theory, domination in graphs, decomposition of graphs and
graph labeling.
Some field of investigation becomes interesting when there arise a number of prob-
lems which pose challenge to our mind for their eventual solutions. The problems aris-
ing from the study of different labeling techniques of the elements of a graph or of
any discrete structure for that matter, form one such potential area of challenge. La-
beled graphs have applications ranging from computer science to social sciences and
in engineering to mention a few. At present couple of dozens labeling techniques exist
and enormous amount of literature is available in printed as well as in electronic form.
A dynamic survey on graph labeling is regularly updated by J. A. Gallian which can be
accessed freely from the web site of The electronic journal of combinatorics.
Most of the graph labelings trace their origin to that one introduced by Alexander
Rosa in 1967.
The present work deals with some of the labeling techniques and the content is
presented in seven chapters.
The Chapter-1 is of introductory nature while Chapter-2 serves as prerequisites
for the subsequent chapters.
The penultimate Chapter-3 is focused on cordial labeling of graphs. We report
some of the existing results and contribute eleven new results.
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The next Chapter-4 is targeted to discuss product cordial labeling of graphs. We
contribute twelve new results to the theory of product cordial graphs. We investigate
product cordial labeling for some cycle related graphs, wheel related graphs and shell
related graphs.
The brief discussion on strongly multiplicative labeling is carried out in Chapter-5.
We investigate following results.
• Every cycle with one chord is strongly multiplicative.
• Every cycle with twin chords is strongly multiplicative.
• Every cycle with triangle denoted as Cn(1, 1, n − 5) is strongly multiplicative.
• The graph obtained by the path union k copies of cycle Cn is a strongly multiplicative
graph.
• The graph obtained by joining two copies of cycle Cn by a path Pk is a strongly
multiplicative graph.
• The graph obtained by duplication of an arbitrary vertex in cycle Cn admits strongly
multiplicative labeling.
• The graph resulted from fusion of two vertices vi and v j (where d(vi, v j) ≥ 3) in cycle
Cn admits strongly multiplicative labeling.
• Arbitrary supersubdivision of any path Pn is strongly multiplicative.
• Arbitrary supersubdivision of the star K1,n is strongly multipliative.
• Arbitrary supersubdivision of any cycle Cn is strongly multipliative.
• Arbitrary supersubdivision of any tadpole Tn,l is strongly multipliative.
The Chapter -6 is aimed to discuss prime labeling of graphs. We contribute fol-
lowing results.
• The graph obtained by identifying any two vertices vi and v j (where d(vi, v j) ≥ 3) of
cycle Cn is a prime graph.
Chapter 1. Introduction 4
• The graph obtained by duplicating arbitrary vertex of cycle Cn is a prime graph.
• The switching of any vertex in cycle Cn produces a prime graph.
• The graph obtained by joining two copies of cycle Cn by a path Pk is a prime graph
except for odd n and even k.
• The middle graph M(Pn) of path Pn is a prime graph for any positive integer n ≥ 2.
• The middle graph M(Cn) of cycle Cn is a prime graph for any positive integer n ≥ 3.
The last Chapter-7 is intended to provide some new results on mean labeling of
graphs. We investigate following three results.
• The graph obtained by the path union of k copies of cycle Cn is a mean graph.
• The graph obtained by joining two copies of cycle Cn by path Pk is a mean graph.
• The graph obtained by arbitrary supersubdivision of any path Pn of length n − 1 is a
mean graph.
The list of symbols and references are provided alphabetically at the end of the
thesis.
The publications arising from the thesis are listed below
1. Barycentric subdivision and cordial labeling of some cycle related graphs, Proc.
of the First International Conference on Emerging Technologies and Applications
in Engineering, Technology and Sciences, 1(2008), 1081-1083.
2. Some cordial graphs in the context of barycentric subdivision International Jour-
nal of Contemporary Mathematical Sciences, 4(30) (2009), 1479-1492.(www.m-
hikari.com)
3. Some cycle related product cordial graphs, International Journal of Algorithms,
Computing and Mathematics, 3(1) (2010), 109-116.
(www.eashwarpublications.com)
Chapter 1. Introduction 5
4. Some new mean graphs, International Journal of Information Science and Com-
puter Mathematics, 1(1) (2010), 73-80.(www.pphmj.com)
5. Some new results on cordial labeling in the context of arbitrary supersubdivision
of graph, Applied Mathematical Sciences, 4(47) (2010), 2323-2329.(www.m-
hikari.com)
6. Strongly multiplicative labeling for some cycle related graphs, Modern Applied
Science, 4(7) (2010), 82-88.(www.ccsenet.org)
The reprints of above research papers are given as an annexure.
Details of work presented in Conferences/Workshops
1. The paper entitled Barycentric subdivision and cordial labeling of some cycle
related graphs was presented in the International Conference on Emerging Tech-
nologies and Applications in Engineering Technology and Sciences held at Saurash-
tra University, Gujarat(India) during 13-14 January 2008.
2. The paper entitled Strongly multiplicative labeling for some cycle related graphs
was presented in Fifth International Workshop on Graph Labelings-2009 held at
Kalasalingam University, Tamilnadu(India) during 7-10 January 2009.
3. The paper entitled Some strongly multiplicative graphs in the context of arbi-
trary supersubdivision was presented in Fifth Annual Instructional Conference
of ADMA and Graph Theory Day-V held at Periyar University, Salem, Tamil-
nadu(India) during 8-10 June 2009.
4. The paper entitled Some strongly multiplicative graphs was presented in Science
Excellence-2010 held at Gujarat University, Ahmedabad, Gujarat(India) on 9 Jan-
uary 2010.
Chapter 2
Basic Terminology and Preliminaries
6
Chapter 2. Basic Terminology and Preliminaries 7
2.1 Introduction
This chapter is intended to provide all the fundamental terminology and notations
which are needed for the present work.
2.2 Basic Definitions
Definition 2.2.1. A graph G = (V(G), E(G)) consists of two sets, V(G) = {v1, v2, . . .}
called vertex set of G and E(G) = {e1, e2, . . .} called edge set of G. Sometimes we
denote vertex set of G as V and edge set of G as E. Elements of V(G) and E(G) are
called vertices and edges respectively.
Definition 2.2.2. The number of vertices in a given graph is called order of the graph.
The order of a graph G is denoted by p.
Definition 2.2.3. The number of edges in a given graph is called size of the graph. The
size of a graph G is denoted by q.
Definition 2.2.4. An edge of a graph that joins a vertex to itself is called a loop. A loop
is an edge e = vivi.
Definition 2.2.5. If two vertices of a graph are joined by more than one edge then these
edges are called multiple edges.
Definition 2.2.6. A graph which has neither loops nor parallel edges is called a simple
graph.
Definition 2.2.7. If two vertices of a graph are joined by an edge then these vertices are
called adjacent vertices.
Definition 2.2.8. Two vertices of a graph which are adjacent are said to be neighbours.
The set of all neighbours of a vertex v of G is called the neighbourhood set of v. It is
denoted by N(v) or N[v] and they are respectively known as open and closed neighbour-
hood set.
N(v) = {u ∈ V(G)/u adjacent to v and u , v}
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N[v] = N(v) ∪ {v}
Definition 2.2.9. An independent set of vertices in a graph G is a set mutually non-
adjacent vertices.
Definition 2.2.10. The independence number of a graph G is the maximal cardinality
of an independent set of vertices which is denoted as α(G).
Definition 2.2.11. If two or more edges of a graph have a common vertex then these
edges are called incident edges.
Definition 2.2.12. Degree of a vertex v of any graph G is defined as the number of edges
incident on v, counting twice the number of loops. It is denoted by deg(v) or d(v).
Definition 2.2.13. A walk is defined as a finite alternating sequence of vertices and
edges of the form vie jvi+1e j+1 . . . ekvm which begins and ends with vertices such that
each edge in the sequence is incident on the vertex preceding and succeeding it in the
sequence. A walk from v0 to vn is denoted as v0 − vn walk. A walk v0 − v0 is called a
closed walk.
Definition 2.2.14. A walk is called a trail if no edge is repeated.
Definition 2.2.15. A walk in which no vertex is repeated is called a path. A path with
n vertices is denoted as Pn. A path from v0 to vn is denoted as v0 − vn path.
Definition 2.2.16. A closed path is called a cycle. A cycle with n vertices is denoted as
Cn.
Definition 2.2.17. A graph G = (V(G), E(G)) is said to be connected if there is a path
between every pair of vertices of G. A graph which is not connected is called a discon-
nected graph.
Definition 2.2.18. A chord of a cycle Cn is an edge joining two non-adjacent vertices
of cycle Cn.
Definition 2.2.19. Two chords of a cycle are said to be twin chords if they form a
triangle with an edge of the cycle Cn.
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For positive integers n and p with 3 ≤ p ≤ n − 2, Cn,p is the graph consisting of a
cycle Cn with a pair of twin chords with which the edges of Cn form cycles Cp, C3 and
Cn+1−p without chords.
Definition 2.2.20. A cycle with triangle is a cycle with three chords which by them-
selves form a triangle.
For positive integers p, q, r and n ≥ 6 with p + q + r + 3 = n, Cn(p, q, r) denotes a
cycle with triangle whose edges form the edges of cycles Cp+2, Cq+2 and Cr+2 without
chords.
Definition 2.2.21. Tadpole T (n, l) is a graph in which path Pl is attached to any one
vertex of cycle Cn. Truszczyn´ski[52] called it dragon.
It is easy to observe that |V(T (n, l))| = n + l and |E(T (n, l))| = n + l.
Definition 2.2.22. A closed trail which covers all the edges of given graph is called an
Eulerian trail. A graph which has an Eulerian trail is called an Eulerian graph.
Definition 2.2.23. A graph which does not contain any cycle is known as acyclic graph.
Definition 2.2.24. A connected acyclic graph is called a tree.
Definition 2.2.25. A caterpillar is a tree in which a single path is incident to every
edge.
Definition 2.2.26. An olive tree is a rooted tree consisting of k branches, where the ith
branch is a path of length i.
Definition 2.2.27. Let G and H be two graphs. Then H is said to be a subgraph of G if
V(H) ⊆ V(G) and E(H) ⊆ E(G). Here G is called supergraph of H.
Definition 2.2.28. Let G = (V(G), E(G)) be a graph. If U is a non-empty subset of the
vertex set V(G) then the subgraph G[U] of G induced by U is defined to be the graph
having vertex set U and edge set consisting of those edges of G that have both end
vertices in U.
Similarly if F is a non-empty subset of the edge set E(G) then the subgraph G[F] of
G induced by F is the graph whose vertex set is the set of vertices which are end vertices
of edges of F and whose edge set is F.
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Definition 2.2.29. A subgraph H of a graph G is called spanning subgraph of G if
V(H) = V(G).
Definition 2.2.30. A graph is said to be planar if there exists some geometric represen-
tation of G which can be drawn on a plane such that no any two of its edges intersect.
Definition 2.2.31. A planar graph is outerplanar if it can be embedded in the plane so
that all its vertices lie on the same region.
Definition 2.2.32. An outerplanar graph is maximal outerplanar if no edge can be added
without losing outerplanarity.
Definition 2.2.33. A simple, connected graph is said to be complete if every pair of
vertices of G = (V(G), E(G)) is connected by an edge. A complete graph on n vertices
is denoted by Kn.
Definition 2.2.34. A graph G = (V(G), E(G)) is said to be bipartite if the vertex set can
be partitioned into two disjoint subsets V1 and V2 such that for every edge ei = viv j ∈
E(G), vi ∈ V1 and v j ∈ V2.
Definition 2.2.35. A complete bipartite graph is a simple bipartite graph such that two
vertices are adjacent if and only if they are in different partite sets. If partite sets V1 and
V2 are having m and n vertices respectively then the related complete bipartite graph is
denoted by Km,n and V1 is called m-vertices part and V2 is called n-vertices part of Km,n.
Definition 2.2.36. A complete bipartite graph K1,n is known as star graph.
Definition 2.2.37. A banana tree is a tree which is obtained from a family of stars by
joining one end vertex of each star to a new vertex.
Definition 2.2.38. A graph G = (V(G), E(G)) is called n-partite graph if the vertex set
V can be partitioned into n nonempty sets V1,V2, . . . ,Vn such that every edge of G joins
the vertices from different subsets. It is often called a multipartite graph.
Definition 2.2.39. The n-partite graph G = (V(G), E(G)) is called complete n-partite if
for each i , j, each vertex of the subset Vi is adjacent to every vertex of the subset V j.
The complete n-partite graph with n partitions of vertex set is denoted by Km1,m2,...,mn .
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Definition 2.2.40. If G1 and G2 are subgraphs of a graph G then union of G1 and G2 is
denoted by G1 ∪G2 which is the graph consisting of all those vertices which are either
in G1 or in G2 (or in both) and with edge set consisting of all those edges which are
either in G1 or in G2 (or in both).
Definition 2.2.41. Let G and H be two graphs such that V(G) ∩ V(H) = φ. Then join
of G and H is denoted by G + H. It is the graph with V(G + H) = V(G) ∪ V(H),
E(G + H) = E(G) ∪ E(H) ∪ J, where J = {uv/u ∈ V(G), v ∈ V(H)}.
Definition 2.2.42. Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs. Then cartesian
product of G1 and G2 which is denoted by G1 × G2, is the graph with vertex set V =
V1 × V2 consisting of vertices u = (u1, u2), v = (v1, v2) such that u and v are adjacent in
G1 ×G2 whenever (u1 = v1 and u2 adjacent to v2) or (u1 adjacent to v1 and u2 = v2).
Definition 2.2.43. Let G = (V(G), E(G)) be a graph and G1,G2, . . . ,Gn, n ≥ 2 be n
copies of graph G. Then the graph obtained by adding an edge from Gi to Gi+1 (for
i = 1, 2, . . . , n − 1) is called path union of G.
Definition 2.2.44. The one point union of m cycles of length n denoted as C(m)n is the
graph obtained by identifying one vertex of each cycle.
Definition 2.2.45. Duplication of a vertex vk of graph G produces a new graph G1 by
adding a vertex v′k with N(v
′
k) = N(vk).
In other words a vertex v′k is said to be duplication of vk if all the vertices which
are adjacent to vk are now adjacent to v′k also.
Definition 2.2.46. A vertex switching Gv of a graph G is obtained by taking a vertex v
of G, removing all the edges incident with v and adding edges joining v to every vertex
which are not adjacent to v in G.
Definition 2.2.47. Let u and v be two distinct vertices of a graph G. A new graph G1 is
constructed by identifying(fusing) two vertices u and v by a single vertex x is such that
every edge which was incident with either u or v in G is now incident with x in G1.
Definition 2.2.48. Let G = (V(G), E(G)) be a graph. Let e = uv be an edge of G and w
is not a vertex of G. The edge e is subdivided when it is replaced by edges e′ = uw and
e′′ = wv.
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Definition 2.2.49. Let G = (V(G), E(G)) be a graph. If every edge of graph G is
subdivided then the resulting graph is called barycentric subdivision of G.
In other words barycentric subdivision is the graph obtained by inserting a vertex
of degree 2 into every edge of the original graph. The barycentric subdivision of any
graph G is denoted by S (G). It is easy to observe that |V(S (G))| = |V(G)| + |E(G)| and
|E(S (G))| = 2|E(G)|.
Definition 2.2.50. Let G = (V(G), E(G)) be a graph. A graph H is called a supersub-
division of G if H is obtained from G by replacing every edge ei of G by a complete
bipartite graph K2,mi for some mi, 1 ≤ i ≤ q in such a way that the ends of each ei are
merged with the two vertices of 2-vertices part of K2,mi after removing the edge ei from
graph G.
Definition 2.2.51. A supersubdivision H of G is said to be an arbitrary supersubdivision
of G if every edge of G is replaced by an arbitrary K2,m where m may vary for each edge
arbitrarily.
Definition 2.2.52. The corona G1  G2 of two graphs G1 and G2 is defined as a graph
obtained by taking one copy of G1 (which has p1 vertices) and p1 copies of G2 and
attach one copy of G2 at every vertex of G1.
Definition 2.2.53. An armed crown is a graph in which path Pm is attached at each
vertex of cycle Cn. This graph is denoted by Cn  Pm.
Definition 2.2.54. Consider a cycle Cm. Let Ti (i = 1, 2, . . . , n ≤ m) be a rooted tree,
that is to say, a vertex in Ti is distinguished as the root of Ti. Form a graph G from Cm
and the Ti’s by identifying the root of each tree Ti with a vertex of Cm so that different
roots are identified with different vertices of Cm. Then G is a unicyclic graph which will
be denoted by Cm(T1,T2, . . . ,Tn).
Definition 2.2.55. The cartesian product of two paths is known as grid graph which is
denoted by Pm × Pn. In particular the graph Ln = Pn × P2 is known as ladder graph.
Definition 2.2.56. The one-point union of n copies of cycle C3 is known as friendship
graph. It is denoted by Fn. That is Fn = C
(n)
3 .
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Definition 2.2.57. The wheel graph Wn is join of the graphs Cn and K1. i.e. Wn =
Cn + K1. Here vertices corresponding to Cn are called rim vertices and Cn is called rim
of Wn while the vertex corresponds to K1 is called apex vertex.
Definition 2.2.58. A helm Hn, n ≥ 3 is the graph obtained from the wheel Wn by adding
a pendant edge at each vertex on the wheel’s rim.
Definition 2.2.59. A closed helm CHn is the graph obtained by taking a helm Hn and
by adding edges between the pendant vertices.
Definition 2.2.60. A web graph is the graph obtained by joining the pendant vertices
of a helm to form a cycle and then adding a single pendant edge to each vertex of this
outer cycle.
Definition 2.2.61. A shell S n is the graph obtained by taking n − 3 concurrent chords
in a cycle Cn. The vertex at which all the chords are concurrent is called the apex. The
shell S n is also called fan fn−1. That is, S n = fn−1 = Pn−1 + K1.
It is clear that |V(S n)| = n and |E(S n)| = 2n − 3.
Definition 2.2.62. A multiple shell MS {nt11 , nt22 , . . . , ntrr } is a graph formed by ti shells
each of order ni, 1 ≤ i ≤ r which have a common apex.
Definition 2.2.63. A k-angular cactus is a connected graph all of whose blocks are
cycles with k vertices.
Definition 2.2.64. A triangular snake is the graph obtained from a path v1, v2, . . . vn by
joining vi and vi+1 to a new vertex wi for i = 1, 2, . . . , n − 1.
Definition 2.2.65. A t−ply Pt(u, v) is a graph with t paths, each of length atleast two
and such that no two paths have a vertex in common except the end vertices u and v.
Definition 2.2.66. The shadow graph of a connected graph G is constructed by taking
two copies of G say G
′
and G
′′
. Join each vertex u
′
in G
′
to the neighbours of the
corresponding vertex u
′′
in G
′′
. The graph obtained is denoted as D2(G).
Definition 2.2.67. Consider barycentric subdivision of cycle Cn and join each newly
inserted vertices of incident edges by an edge. We denote the new graph by Cn(Cn) as it
looks like Cn inscribed in Cn.
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It is clear that |V(Cn(Cn))| = 2n and |E(Cn(Cn))| = 3n.
Definition 2.2.68. The middle graph, M(G) of a graph G is the graph whose vertex set
is V(G)∪ E(G) in which two vertices are adjacent if and only if either they are adjacent
edges of G or one is a vertex of G and the other is an edge incident with it.
Definition 2.2.69. The total graph, T (G) of graph G is the graph whose vertex set is
V(G) ∪ E(G) in which two vertices are adjacent whenever they are either adjacent or
incident in G.
Definition 2.2.70. Generalized Petersen graph, denoted by P(n, k), is a graph with
n ≥ 5 and 1 ≤ k ≤ n which has vertex set {a0, a1, . . . , an−1, b0, b1, . . . , bn−1} and edge set
{aiai+1|i = 0, 1, . . . , n − 1} ∪ {aibi|i = 0, 1, . . . , n − 1} ∪ {bibi+k|i = 0, 1, . . . , n − 1}, where
all subscripts are taken modulo n.
The standard Petersen graph is P(5, 2).
Definition 2.2.71. A graph obtained by replacing each vertex of star graph K1,n by a
graph G is called star of G. We denote it as G∗. We name central graph in G∗ is the
graph which replaces central vertex of graph K1,n.
Definition 2.2.72. Consider two shells S (1)n and S (2)n then the graph G =< S (1)n : S (2)n >
is obtained by joining apex vertices of shells to a new vertex x.
Definition 2.2.73. Consider k copies of shells S (1)n , S (2)n , . . . , S (k)n then the graph G =
< S (1)n : S
(2)
n , . . . , : S
(k)
n > is obtained by joining an apex vertex of each S
(p)
n and apex of
S (p−1)n to a new vertex xp−1 where 2 ≤ p ≤ k.
Definition 2.2.74. Consider two stars K(1)1,n and K
(2)
1,n then the graph G =< K
(1)
1,n : K
(2)
1,n > is
obtained by joining apex vertices of stars to a new vertex x.
Definition 2.2.75. Consider k copies of stars K(1)1,n, K
(2)
1,n, . . . , K
(k)
1,n then the graph G = <
K(1)1,n : K
(2)
1,n : . . . : K
(k)
1,n > is obtained by joining an apex vertex of each K
(p)
1,n and apex of
K(p−1)1,n to a new vertex xp−1 where 2 ≤ p ≤ k.
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2.3 Concluding Remarks
This chapter provides basic definitions and terminology required for the advance-
ment of the topic. For all other standard terminology and notations we refer to Harrary[23],
West[59], Gross and Yellen[22], Clark and Holton[12].
The next chapter is focused on cordial labeling of graphs.
Chapter 3
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3.1 Introduction
The notion of cordial labeling was introduced by Cahit[10] in 1987 as a weaker
version of graceful and harmonious labeling. This chapter is aimed to discuss cordial
labeling of graphs in detail. The survey of existing results is carried out as well as some
new results are investigated.
3.2 Labeling
Definition 3.2.1. If the vertices of the graph are assigned values subject to certain con-
ditions then it is known as graph labeling.
Following three are the common features of any graph labeling problem.
• a set of numbers from which vertex labels are assigned;
• a rule that assigns a value to each edge;
• a condition that these values must satisfy.
Two most interesting labeling problems which pose challenge to our mind are
gracefulness and harmoniousness.
3.2.1 Graceful Labeling
Graceful labeling was introduced by Rosa[39] in 1967 which is defined as follows.
Definition 3.2.2. A function f is called graceful labeling of graph G if f : V(G) →
{0, 1, 2, . . . , q} is injective and the induced function f ∗ : E(G)→ {1, 2, . . . , q} defined as
f ∗(e = uv) = | f (u) − f (v)| is bijective.
A graph which admits graceful labeling is called graceful graph.
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3.2.2 Some Known Results
• A Rosa[39] proved that an Eularian graph G with q ≡ 1, 2(mod4) is not graceful.
• Truszczyn`ski[52] studied unicyclic graphs and conjectured that all the unicyclic
graphs except Cn, where n ≡ 1, 2(mod4) are graceful. Because of the immense
diversity of unicyclic graphs proof of above conjecture seems to be out of reach
in the near future.
• Delorme et al.[13] and Ma and Feng[35] proved that the cycle with one chord is
graceful.
• Gracefulness of cycle with k consecutive chords is also investigated by Koh and
Punnim[30] and Goh and Lim[19].
• Koh et al.[31] conjectured that cycle with triangle is graceful if and only if n ≡
0, 1(mod4).
• Ayel and Favaron[7] proved that helms are graceful.
• Kang et al.[28] proved that web graphs are graceful.
• Seoud and Youssef[43] proved that flowers are graceful.
• Golomb[20] proved that the complete graph Kn is not graceful for n ≥ 5.
• Frucht[17], Hoede and Kuiper[26] proved that all wheels Wn are graceful.
• Drake and Redl[14] enumerated the non graceful Eulerian graph with number of
edges q ≡ 1, 2(mod4).
• Kathiresan[29] has investigated the graceful labeling of subdivision of Ladders.
• Sethuraman and Selvaraju[44] have discussed gracefulness of arbitrary supersub-
division of cycles.
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3.2.3 Gracefulness of Trees
The conjecture of Ringel[38], states that All trees are graceful has been the focus of
many research papers. Kotzig called the efforts to prove gracefulness of trees a disease.
Among all the trees known to be graceful are caterpillars, paths, banana trees etc.
Some advance results regarding the gracefulness of trees are listed below.
• Huang et al.[27] proved that trees with at most 4 end vertices are graceful.
• Aldred and Mckey[2] proved that trees with at most 27 vertices are graceful.
• Bermond and Sotteau[9] proved that rooted tree in which every level contains
vertices of same degree(symmetric trees) are graceful.
• Pastel and Raynaud[36] proved olive trees are graceful.
• Eshghi and Azimi[16] discussed the programming model for finding graceful la-
beling of graphs. Using this method, they verified that trees with 30, 35 or 40
vertices are graceful.
Despite of many efforts the graceful tree conjecture remains open and faith in the
conjecture is so strong that if a tree without a graceful labeling were indeed found then
it is possibly would not be considered a tree!
3.2.4 Harmonious Labeling
Graham and Sloane[21] introduced harmonious labeling in 1980 which is defined as
follows.
Definition 3.2.3. A function f is called harmonious labeling of a graph G if f : V(G)→
Zq is injective and the induced function f ∗ : E(G) → Zq defined as f ∗(e = uv) =
( f (u) + f (v))modq is bijective.
A graph which admits harmonious labeling is called harmonious graph.
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3.2.5 Some Known Results
• Aldred and Mckay[2] provided an algorithm and used computer to show that all
trees with at most 26 vertices are harmonious.
• Golomb[20] proved that complete graph is harmonious if and only if n ≤ 4.
Graham and Sloane[21] proved that
• Wheels Wn are harmonious.
• The cycle Cn is harmonious if and only if n is odd.
• Km,n is harmonious if and only if m or n = 1.
• The Petersen graph is harmonious.
• If a harmonious graph has even number of edges q and degree of every vertex is
divisible by 2α(α ≥ 1) then q is divisible by 2α+1.
• All ladders except L2 are harmonious.
• Friendship graph Fn is harmonious except n ≡ 2(mod4).
• Fans fn are harmonious.
• Graham and Sloane[21] also conjectured that Every tree is harmonious.
Youssef[60] proved that
• Gn is harmonious if G is harmonious and n ≡ 1(mod2)
3.3 Cordial Labeling
Definition 3.3.1. Let G = (V(G), E(G)) be a graph. A mapping f : V(G) →{0,1} is
called binary vertex labeling of G and f (v) is called the label of the vertex v of G under
f .
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For an edge e = uv, the induced edge labeling f ∗ : E(G) → {0, 1} is given by
f ∗(e)=| f (u) − f (v)|. Let v f (0), v f (1) be the number of vertices of G having labels 0 and
1 respectively under f and let e f (0), e f (1) be the number of edges having labels 0 and 1
respectively under f ∗.
Definition 3.3.2. A binary vertex labeling of a graph G is called a cordial labeling if
|v f (0) − v f (1)| ≤ 1 and |e f (0) − e f (1)| ≤ 1. A graph G is cordial if it admits cordial
labeling.
In the Figure 3.1 the cycle C4 and its cordial labeling is shown.
Figure 3.1
3.4 Some Existing Results on Cordial Labeling
As investigated by Cahit[11],
• Every tree is cordial.
• Complete bipartite graphs Km,n are cordial.
• Complete graphs Kn are cordial if and only if n ≤ 3.
• Maximal outer planar graphs are cordial.
• Eulerian graph is not cordial if its number of edges q ≡ 2(mod4).
• All fans fn = Pn + K1 are cordial.
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• Wheels Wn = Cn + K1 are cordial if and only if n . 3(mod4).
• k-angular cactus with t cycles is cordial if and only if kt . 2(mod4).
Ho et al.[25] proved that
• Unicyclic graph is cordial except C4k+2.
• Generalized Petersen graph P(n, k) is cordial if and only if n . 2(mod4).
Shee and Ho[45] proved that
• The path union of m copies of cycle Cn is cordial for all m ≥ 2 and n ≥ 3.
• The path union of m copies of wheel Wn is cordial for all m ≥ 2 and n ≥ 3.
• The path union of m copies of fans fn is cordial for all m ≥ 2 and n ≥ 2.
Lee and Liu[32] and Du[15] proved that
• Complete n-partite graph is cordial if and only if at most three of its partite sets
have odd cardinality.
Seoud and Maqsoud[42] proved that
• If G is a graph with n vertices and m edges and every vertex has odd degree then
G is not cordial when m + n ≡ 2(mod4).
Andar et al. in [6] proved that
• Multiple shells are cordial.
• t-ply graph Pt(u, v) is cordial except when it is Eulerian and the number of edges
e ≡ 2(mod4).
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• A cordial labeling g of a graph G can be extended to a cordial labeling of the
graph obtained from G by attaching 2m pendant edges at each vertex of G. They
also proved that a cordial labeling g of a graph G with p vertices can be extended
to a cordial labeling of the graph obtained from G by attaching 2m + 1 pendant
edges at each vertex of G if and only if G does not satisfy either of the following
conditions:
(i) G has an even number of edges and p ≡ 2(mod4).
(ii) G has an odd number of edges and either p ≡ 1(mod4) with eg(1) = eg(0)+i(G)
or p ≡ 3(mod4) with eg(0) = eg(1) + i(G), where i(G) = min|eg(0) − eg(1)|.
Andar et al. in [3], [4] and [5] proved that
• Helms, closed helms and generalized helms are cordial.
Vaidya et al.[55] proved that
• The graph G obtained by joining two copies of cycle Cn by a path of arbitrary
length is cordial.
• The graph G obtained by joining two copies of cycle Cn with twin chords by a
path of arbitrary length is cordial where chords form two triangles and one cycle
Cn−2.
Vaidya et al.[56] proved that
• Star of wheel W∗n is cordial for all n.
• Star of Petersen graph is cordial.
• The graph obtained by joining two copies of wheel by a path of arbitrary length
is cordial.
• The graph obtained by joining two copies of Petersen graph by a path of arbitrary
length is cordial.
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Vaidya et al.[58] proved that
• Cycle with one chord is cordial.
• The path union of finite number of copies of cycle Cn with one chord is cordial.
• The graph G obtained by joining two copies of cycle Cn with one chord by a path
of arbitrary length is cordial.
In the succeeding sections we report some new investigations.
3.5 Barycentric Subdivision and Cordial Labeling of Some
Cycle Related Graphs
Theorem 3.5.1. Barycentric subdivision of cycle with twin chords is cordial.
Proof. Let G be the cycle Cn with twin chords. Let v1, v2, . . . , v2n+2 be the vertices of
S (G). Let e1 and e2 be two chords of Cn and S (G) is the barycentric subdivision of G.
Let v2n+1 and v2n+2 be the vertices inserted due to barycentric subdivision of e1 and e2
respectively. Here v2n+1 is adjacent to v1 and v5, v2n+2 is adjacent to v1 and v7. Here
d(v1) = 4, d(v5) = d(v7) = 3 and d(vi) = 2 for 2 ≤ i ≤ 2n + 2, i , 1, 5, 7. Here we note
that |V(S (G))| = 2n + 2 and |E(S (G))| = 2n + 4.
To define binary vertex labeling f : V(S (G))→ {0, 1}we consider following cases.
Case 1. n ≡ 0(mod4)
f (v3) = 1, f (v5) = 0,
f (vi) = 0; if i ≡ 2, 3(mod4)
= 1; if i ≡ 0, 1(mod4), 1 ≤ i ≤ n, i , 3, 5
f (v2n+1) = 1, f (v2n+2) = 0
Case 2. n ≡ 1, 3(mod4)
f (vi) = 0; if i ≡ 1, 2(mod4)
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= 1; if i ≡ 0, 3(mod4), 1 ≤ i ≤ 2n
f (v2n+1) = f (v2n+2) = 1
Case 3. n ≡ 2(mod4)
f (v5) = 1,
f (vi) = 0; if i ≡ 1, 2(mod4)
= 1; if i ≡ 0, 3(mod4), 1 ≤ i ≤ 2n, i , 5
f (v2n+1) = 0, f (v2n+2) = 0
The labeling pattern defined above covers all possible arrangement of vertices.
In each possibility the graph under consideration satisfies the conditions for cordiality
as shown in Table 3.1. That is, barycentric subdivision of cycle with twin chords is
cordial. 
(In the following table n = 4a + b, a ∈ N.)
b Vertex conditions Edge conditions
0,1,2,3 v f (0) = v f (1) = n + 1 e f (0) = e f (1) = n + 2
Table 3.1
Illustration 3.5.2. Consider a graph S (G) obtained barycentric subdivision of cycle C8
with twin chords. The labeling is shown in following Figure 3.2.(The edges of C8 are
subdivided by hollow vertices.)
Figure 3.2
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Theorem 3.5.3. Barycentric subdivision of cycle Cn with triangle is cordial except n ≡
0, 2(mod4).
Proof. Let G be the cycle with triangle. Let v1, v2, . . . , v2n+3 be the vertices of S (G).
Let e1, e2, e3 be three chords of cycle with triangle. Let v2n+1, v2n+2, v2n+3 be the vertices
inserted into chords as a result of barycentric subdivision. Here v2n+1 is adjacent to v1
and v5, v2n+2 is adjacent to v5 and v9 and v2n+3 is adjacent to v1 and v9. Here d(v1) =
d(v5) = d(v9) = 4. Here we note that |V(S (G))| = 2n + 3 and |E(S (G))| = 2n + 6.
To define binary vertex labeling f : V(S (G))→ {0, 1}we consider following cases.
Case 1. n ≡ 0, 2(mod4)
In this case the graph is an Eulerian and number of edges q ≡ 2(mod4) then as proved
by Cahit[10] the graph S (G) is not cordial.
Case 2. n ≡ 1(mod4)
f (vi) = 0; if i ≡ 1, 2(mod4)
= 1; if i ≡ 0, 3(mod4), 1 ≤ i ≤ 2n
f (v2n+1) = f (v2n+3) = 1, f (v2n+2) = 0
Case 3. n ≡ 3(mod4)
f (vi) = 0; if i ≡ 1, 2(mod4)
= 1; if i ≡ 0, 3(mod4), 1 ≤ i ≤ 2n
f (v2n+1) = f (v2n+2) = 1, f (v2n+3) = 0
The labeling pattern defined above covers all possible arrangement of vertices. In
each possibility the graph under consideration satisfies the conditions for cordiality as
shown in Table 3.2. That is, barycentric subdivision of cycle Cn with triangle is cordial
except n ≡ 0, 2(mod4). 
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(In the following table n = 4a + b, a ∈ N.)
b Vertex conditions Edge conditions
1,3 v f (0) = v f (1) + 1 = n + 2 e f (0) = e f (1) = n + 3
Table 3.2
Illustration 3.5.4. Consider a graph S (G) obtained by barycentric subdivision of cycle
C7 with triangle. The labeling is shown in Figure 3.3.(The edges of C7 are subdivided
by hollow vertices.)
Figure 3.3
Theorem 3.5.5. Cn(Cn) is cordial except n ≡ 2(mod4).
Proof. Let u1, u2, . . . , un be the vertices of the cycle Cn and u
′
1, u
′
2, . . . , u
′
n be the newly
inserted vertices to obtain barycentric subdivision of cycle Cn. Let G = Cn(Cn). Here
we note that |V(G)| = 2n and |E(G)| = 3n.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. n ≡ 0, 1, 3(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
Case 2. n ≡ 2(mod4)
In this case the graph G is an Eulerian graph with number of edges q ≡ 2(mod4). As
proved by Cahit[10] an Eulerian graph with number of edges q ≡ 2(mod4) is not cordial.
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The labeling pattern defined above covers all possible arrangement of vertices. In
each possibility the graph under consideration satisfies the conditions for cordiality as
shown in Table 3.3. That is, Cn(Cn) cordial except n ≡ 2(mod4). 
(In the following table n = 4a + b, where a ∈ N ∪ {0}.)
b Vertex conditions Edge conditions
0 v f (0) = v f (1) = n e f (0) = e f (1) = 3n2
1 v f (0) = v f (1) = n e f (0) + 1 = e f (1) = 3n+12
3 v f (0) = v f (1) = n e f (0) = e f (1) + 1 = 3n+12
Table 3.3
Illustration 3.5.6. Consider the graph C5(C5). The labeling is shown in Figure 3.4.(The
hollow vertices are newly inserted vertices for barycentric subdivision of C5.)
Figure 3.4
Theorem 3.5.7. The path union of k copies of Cn(Cn) is cordial.
Proof. Let G be the path union of k copies of Cn(Cn). Let G1,G2, ...,Gk be k copies of
cycle Cn and G′1,G
′
2, ...,G
′
k be k copies of cycle which are obtained by joining each newly
inserted vertices of adjacent edges by an edge. Next denote the successive vertices of
Gi by ui1, ui2, ..., uin and corresponding vertices of G′i by u
′
i1, u
′
i2, ..., u
′
in. Let ei = ui1u(i+1)1
be the edge joining ith copy and (i + 1)th copy of Cn(Cn) for i = 1, 2, . . . , k − 1. Here we
note that |V(G)| = 2nk and |E(G)| = 3nk + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
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Case 1. n ≡ 0(mod4)
f (ui j) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n, i ≡ 1, 2(mod4)
f (ui j) = 0; for j ≡ 0, 2(mod4)
= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ n, i ≡ 0, 3(mod4)
Case 2. n ≡ 1(mod4)
f (ui j) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n, i ≡ 0, 1, 2, 3(mod4)
Case 3. n ≡ 2(mod4)
f (ui j) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n − 1
f (u
′
in) = 0 i = 1
f (ui j) = 0; for j ≡ 0, 2(mod4)
= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ n − 2,
f (u
′
i(n−1)) = 0, f (u
′
in) = 1; i , 1 i ≡ 1(mod4)
f (ui j) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n − 2
f (u
′
i(n−1)) = 0, f (u
′
in) = 1, i ≡ 2(mod4)
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f (ui j) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n − 1
f (u
′
in) = 0, i ≡ 3(mod4)
f (ui j) = 0; for j ≡ 0, 2(mod4)
= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4)
f (u
′
i(n−1)) = 1, f (u
′
in) = 0; for 1 ≤ j ≤ n − 2, i ≡ 0(mod4)
Case 4. n ≡ 3(mod4)
f (ui j) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n, i ≡ 1, 3(mod4)
f (ui j) = 0; for j ≡ 0, 2(mod4)
= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f (u
′
i j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ n, i ≡ 0, 2(mod4)
The labeling pattern defined above covers all the possibilities. In each case the
graph under consideration satisfies the conditions for cordiality as shown in Table 3.4.
That is, the path union k copies of Cn(Cn) is cordial. 
(In the following table n = 4a + b, k = 4c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0
0,2 v f (0) = v f (1) = nk e f (0) = e f (1) + 1 = 3nk+k2
1,3 v f (0) = v f (1) = nk e f (0) = e f (1) = 3nk+k−12
1 0,1,2,3 v f (0) = v f (1) = nk e f (0) + 1 = e f (1) = 3nk+k2
2
0,2 v f (0) = v f (1) = nk e f (0) = e f (1) + 1 = 3nk+k2
1,3 v f (0) = v f (1) = nk e f (0) = e f (1) = 3nk+k−12
3 0,1,2,3 v f (0) = v f (1) = nk e f (0) = e f (1) + 1 = 3nk+k2
Table 3.4
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Illustration 3.5.8. Consider the path union of three copies of C7(C7) . The labeling is
shown in Figure 3.5. (The hollow vertices are newly inserted vertices for barycentric
subdivision of C7.)
Figure 3.5
Theorem 3.5.9. The graph G obtained by joining two copies of Cn(Cn) by a path of
arbitrary length is cordial.
Proof. Let G be the graph obtained by joining two copies of Cn(Cn) by a path of arbi-
trary length k − 1. Let u1, u2, . . . , un be the vertices of cycle Cn and u′1, u
′
2, . . . , u
′
n be the
corresponding vertices of the cycle which is obtained by joining newly inserted vertices
of adjacent edges in cycle Cn. Next denote the corresponding vertices in second copy of
Cn(Cn) by v1, v2, . . . , vn and v
′
1, v
′
2, . . . , v
′
n respectively. Let w1,w2, . . . ,wk be the vertices
of path Pk with u1 = w1 and v1 = wk. Here we note that |V(G)| = 4n + k − 2 and
|E(G)| = 6n + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. n ≡ 0(mod4)
Subcase I k ≡ 0, 3(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
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f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase II k ≡ 1(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k − 1
f (wk−1) = 1
f (vi) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
Subcase III k ≡ 2(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k − 1
f (wk−1) = 0
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
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Case 2. n ≡ 1(mod4)
Subcase I k ≡ 0(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase II k ≡ 1(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase III k ≡ 2(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 0, 1(mod4)
= 1; for j ≡ 2, 3(mod4), 1 < j < k − 1
f (vi) = 0; for i ≡ 1, 3(mod4)
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= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
Subcase IV k ≡ 3(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k
f (vi) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
Case 3. n ≡ 2(mod4)
Subcase I k ≡ 0(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n − 1
f (u
′
n) = 0
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n − 2
f (v
′
n−1) = 1, f (v
′
n) = 0
Subcase II k ≡ 1, 2(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
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f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n − 1
f (u
′
n) = 0
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k
f (vi) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n − 2
f (v
′
n−1) = 0, f (v
′
n) = 1
Subcase III k ≡ 3(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n − 1
f (u
′
n) = 0
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n − 2
f (v
′
n−1) = 1, f (v
′
n) = 0
Case 4. n ≡ 3(mod4)
Subcase I k ≡ 0(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n − 1
f (u
′
n) = 0
f (w j) = 0; for j ≡ 1, 2(mod4)
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= 1; for j ≡ 0, 3(mod4), 1 < j < k − 2
f (wk−2) = 1, f (wk−1) = 0
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase II k ≡ 1, 2(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k − 1
f (wk−1) = 0
f (vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase III k ≡ 3(mod4)
f (ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f (w j) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 < j < k − 1
f (wk−1) = 1
f (vi) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f (v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
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The labeling pattern defined above covers all the possibilities. In each case the
graph under consideration satisfies the conditions for cordiality as shown in Table 3.5.
That is, the graph G obtained by joining two copies of Cn(Cn) by a path of arbitrary
length is cordial. 
(In the following table n = 4a + b, k = 4c + d where a ∈ N, c ∈ N ∪ {0}.)
b d Vertex conditions Edge conditions
0
0 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
6n+k
2
1 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
2 v f (0) = v f (1) = 4n+k−22 e f (0) + 1 = e f (1) =
6n+k
2
3 v f (0) = v f (1) + 1 = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
1
0,2 v f (0) = v f (1) = 4n+k−22 e f (0) + 1 = e f (1) =
6n+k
2
1 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
3 v f (0) = v f (1) + 1 = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
2
0,2 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
6n+k
2
1 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
3 v f (0) = v f (1) + 1 = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
3
0 v f (0) = v f (1) = 4n+k−22 e f (0) + 1 = e f (1) =
6n+k
2
1 v f (0) = v f (1) + 1 = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
2 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
6n+k
2
3 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
Table 3.5
Illustration 3.5.10. Consider a graph obtained by joining two copies of C6(C6) by a
path P5(It is the case related with n ≡ 2(mod4) and k ≡ 1(mod4)). The labeling pattern
is shown in Figure 3.6.(The hollow vertices are newly inserted vertices for barycentric
subdivision of C6.)
Chapter 3. Cordial Labeling 38
Figure 3.6
3.6 Shadow Graph of Some Cycle Related Graphs and
Cordial Labeling
Theorem 3.6.1. Shadow graph D2(Cn) of cycle Cn is cordial.
Proof. Let D2(Cn) be the shadow graph of the cycle Cn. Let u
′
1, u
′
2, . . . , u
′
n be the vertices
of first copy C
′
n and u
′′
1 , u
′′
2 , ...u
′′
n be the vertices of second copy C
′′
n of cycle Cn. Let
G = D2(Cn). Here we note that |V(G)| = 2n and |E(G)| = 4n.
The binary vertex labeling f : V(G)→ {0, 1} is defined as:
f (u
′
i) = 0; 1 ≤ i ≤ n
f (u
′′
i ) = 1; 1 ≤ i ≤ n
The labeling pattern defined above covers all possible arrangement of vertices. In
each possibility the graph under consideration satisfies the conditions for cordiality as
shown in Table 3.6. That is, shadow graph D2(Cn) of cycle Cn is cordial. 
(In the following table n = 4a + b, where a ∈ N ∪ {0}.)
b Vertex conditions Edge conditions
0,1,2,3 v f (0) = v f (1) = n e f (0) = e f (1) = 2n
Table 3.6
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Remark 3.6.2. Above result can be restated as follows.
Every cycle can be embedded cordially in its shadow graph.
Applications 3.6.3.
• The result obtained above can be used to handle the circular (cycle) network em-
bedding problem. In order to increase the capacity of any cycle networking sys-
tem it is essential to establish a new network which is connected with the existing
one (Cn). For this purpose we consider another circular network C
′
n having same
number of nodes (vertices) as Cn. Now using the concept of shadow graph pre-
pare a new network. Nodes of Cn are labeled with 0 (or 1) and corresponding
nodes of C
′
n are labeled with 1 (or 0). Then all the connections (edges) joining
nodes of Cn to C
′
n will receive label 1 and rest of the connections will get label
0. Thus new network consist of 2n nodes and 4n connections. We observe that it
is possible to increase the capacity of the connections four times and connections
between two networks is properly established.
• Consider Cn and C′n as two electrical network then we will treat vertex labels 0
and 1 as charges. Connecting vertex with label 0(or1) to vertex with label 0(or1)
will not allow the flow of current as they are like charges (edge label is 0) but
connecting vertex with label 1 with the vertex with label 0 or vice-versa will
allow the flow of current(edge label is 1) as they are unlike charges. Thus two
existing networks can easily merged and new electrical network is established.
Illustration 3.6.4. Consider shadow graph D2(C6) of cycle C6. The labeling is shown
in Figure 3.7.
Figure 3.7
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Theorem 3.6.5. The path union of k copies of shadow graph D2(Cn) of cycle Cn is
cordial.
Proof. Let D2(Cn) be the shadow graph of the cycle Cn. Let G be the path union of
k copies of G1,G2, . . . ,Gk of shadow graph of D2(Cn). Let G′1,G
′
2, . . . ,G
′
k be the first
copy of cycle Cn. Let G′′1 ,G
′′
2 , . . . ,G
′′
k be the second copy of of cycle Cn in D2(Cn). Let
us denote the successive vertices of G′i by u
′
i1, u
′
i2, . . . , u
′
in and G
′′
i by u
′′
i1, u
′′
i2, . . . , u
′′
in. Let
ei = u′′i1u
′′
(i+1)1 be the edge joining Gi and Gi+1 for i = 1, 2, ...k − 1. Here we note that
|V(G)| = 2nk and |E(G)| = 4nk + k − 1.
The binary vertex labeling f : V(G)→ {0, 1} is defined as
f (u
′
i j) = 0; if i ≡ 1, 2(mod 4)
= 1; if i ≡ 0, 3(mod 4), 1 ≤ j ≤ n.
f (u
′′
i j) = 0; if i ≡ 0, 3(mod 4)
= 1; if i ≡ 1, 2(mod 4), 1 ≤ j ≤ n.
The labeling pattern defined above covers all the possibilities. In each possibility
the graph under consideration satisfies the conditions for cordiality as shown in Table
3.7. That is, the path union of k copies of shadow graph D2(Cn) of cycle Cn is cordial.

(In the following table n = 4a + b, k = 4c + d where a, c ∈ N ∪ {0}.)
b d Vertex conditions Edge conditions
0,1,2,3
1,3 v f (0) = v f (1) = nk e f (0) = e f (1) = 4nk+k−12
0,2 v f (0) = v f (1) = nk e f (0) = e f (1) + 1 = 4nk+k2
Table 3.7
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Illustration 3.6.6. Consider the path union of two copies of shadow graph D2(C4) of
cycle C4. The labeling is shown in Figure 3.8.
Figure 3.8
Theorem 3.6.7. The graph G obtained by joining two copies of shadow graph D2(Cn)
by a path of arbitrary length is cordial.
Proof. Let D2(Cn) be the shadow graph of cycle Cn. Let G be the graph obtained by
joining two copies of D2(Cn) by a path of arbitrary length k − 1. Let u′1, u
′
2, . . . , u
′
n be
the vertices of C
′
n and u
′′
1 , u
′′
2 , . . . , u
′′
n be the vertices of C
′′
n first copy of D2(Cn) in G. Let
v
′
1, v
′
2, . . . , v
′
n be the vertices of C
′
n and v
′′
1 , v
′′
2 , . . . , v
′′
n be the vertices of C
′′
n in second copy
of D2(Cn) in G. Let w1,w2, . . . ,wk be the vertices of path Pk with u
′′
1 = w1 and v
′′
1 = wk.
Here we note that |V(G)| = 4n + k − 2 and |E(G)| = 8n + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 1, 2(mod4)
f (u
′
i) = 0; for 1 ≤ i ≤ n
f (u
′′
i ) = 1; for 1 ≤ i ≤ n
f (w j) = 1; if j ≡ 1, 2(mod 4)
= 0; if j ≡ 0, 3(mod 4), 1 < j < k.
f (v
′
i) = 0; for 1 ≤ i ≤ n
f (v
′′
i ) = 1; for 1 ≤ i ≤ n
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Case 2. k ≡ 0, 3(mod4)
f (u
′
i) = 0; for 1 ≤ i ≤ n
f (u
′′
i ) = 1; for 1 ≤ i ≤ n
f (w j) = 1; if j ≡ 1, 2(mod 4)
= 0; if j ≡ 0, 3(mod 4), 1 < j < k.
f (v
′
i) = 1; for 1 ≤ i ≤ n
f (v
′′
i ) = 0; for 1 ≤ i ≤ n
The labeling pattern defined above covers all the possibilities. In each case the
graph under consideration satisfies the conditions for cordiality as shown in Table 3.8.
That is, the graph G obtained by joining two copies of shadow graph D2(Cn) by a path
of arbitrary length is cordial. 
(In the following table n = 4a + b, k = 4c + d where a ∈ N ∪ {0}, c ∈ N.)
b d Vertex conditions Edge conditions
0,1,2,3
0 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
8n+k
2
1 v f (0) = v f (1) + 1 = 4n+k−12 e f (0) = e f (1) =
8n+k−1
2
2 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
8n+k
2
3 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
8n+k−1
2
Table 3.8
Illustration 3.6.8. Consider a graph obtained by joining two copies of shadow graph
D2(C5) by a path P5(It is the case related with k ≡ 1(mod4)). The labeling pattern is
shown in Figure 3.9.
Figure 3.9
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3.7 Arbitrary Supersubdivision and Cordial Labeling
Theorem 3.7.1. Arbitrary supersubdivision of path Pn is cordial.
Proof. Let v1, v2, v3, . . . , vn be the vertices of path Pn and ei denote the edge vivi+1 for
1 ≤ i ≤ n − 1. Let G be a graph obtained by arbitrary supersubdivision of Pn. That is,
for 1 ≤ i ≤ n − 1 each edge ei of the path Pn is replaced by a complete bipartite graph
K2,mi where mi is positive integer. Let ui j be the vertices of mi− vertices part where
1 ≤ i ≤ n − 1, 1 ≤ j ≤ mi. Here we note that |V(G)| = m + n and |E(G)| = 2m where
m = m1 + m2 + . . . + mn−1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. n ≡ 0(mod2)
f (vi) = 0; for i ≡ 1(mod2)
= 1; for i ≡ 0(mod2), 1 ≤ i ≤ n
Now label ui j (1 ≤ i ≤ n − 1, 1 ≤ j ≤ mi) alternately using 0 and 1 starting with 0.
Case 2. n ≡ 1(mod2)
f (vi) = 0; for i ≡ 1(mod2)
= 1; for i ≡ 0(mod2), 1 ≤ i ≤ n
Now label ui j (1 ≤ i ≤ n − 1, 1 ≤ j ≤ mi) alternately using 0 and 1 starting with 1.
The labeling pattern defined above covers all possible arrangement of vertices. In
each case the graph under consideration satisfies the conditions for cordiality as shown
in Table 3.9. That is, arbitrary supersubdivision of path Pn admits cordial labeling. 
(In the following table n = 2a + b and m = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0
0 v f (0) = v f (1) = m+n2 e f (0) = e f (1) = m
1 v f (0) = v f (1) + 1 = m+n+12 e f (0) = e f (1) = m
1
0 v f (0) = v f (1) + 1 = m+n+12 e f (0) = e f (1) = m
1 v f (0) = v f (1) = m+n2 e f (0) = e f (1) = m
Table 3.9
Chapter 3. Cordial Labeling 44
Illustration 3.7.2. In the Figure 3.10 arbitrary supersubdivision of P4 and its cordial
labeling is shown. Here m1 = 2, m2 = 3, m3 = 4.(The hollow vertices are used for the
arbitrary supersubdivision of P4.)
Figure 3.10
Theorem 3.7.3. Arbitrary supersubdivision of K1,n is cordial.
Proof. Let v1, v2, v3, . . . , vn be the pendant vertices of K1,n, v0 be its apex vertex and
ei = v0vi for 1 ≤ i ≤ n. Let G be the graph obtained by arbitrary supersubdivision of
K1,n in which each edge ei of K1,n is replaced by a complete bipartite graph K2,mi and
ui j be the vertices of mi-vertices part where 1 ≤ i ≤ n, 1 ≤ j ≤ mi. Here we note that
|V(G)| = m + n + 1 and |E(G)| = 2m where m = m1 + m2 + . . . + mn.
The binary vertex labeling f : V(G)→ {0, 1} is defined as
f (v0) = 0;
f (vi) = 1; 1 ≤ i ≤ n
Next assign label 0 to first n vertices from ui j and assign label 0 and 1 alternately
to the remaining vertices ui j starting with 1.
In view of the above defined labeling pattern the graph G under consideration
satisfies the conditions for cordiality as shown in Table 3.10. That is, arbitrary super-
subdivision of any star K1,n admits cordial labeling. 
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(In the following table n = 2a + b and m = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0
0 v f (0) = v f (1) + 1 = m+n+22 e f (0) = e f (1) = m
1 v f (0) = v f (1) = m+n+12 e f (0) = e f (1) = m
1
0 v f (0) = v f (1) = m+n+12 e f (0) = e f (1) = m
1 v f (0) = v f (1) + 1 = m+n+22 e f (0) = e f (1) = m
Table 3.10
Illustration 3.7.4. In the Figure 3.11 arbitrary supersubdivision of K1,4 and its cordial
labeling is shown where m1 = 2, m2 = 4, m3 = 3 and m4 = 5.(The hollow vertices are
used for the arbitrary supersubdivision of K1,4.)
Figure 3.11
Theorem 3.7.5. Arbitrary supersubdivision of cycle Cn is cordial except when n and all
mi are simultaneously odd numbers.
Proof. Let v1, v2, v3, . . . , vn be the vertices of cycle Cn and ei = vivi+1,1 ≤ i ≤ n−1 be the
edges of Cn while en = vnv1. Let G be the graph obtained by arbitrary supersubdivision
of Cn where each edge ei of the cycle Cn is replaced by a complete bipartite graph
K2,mi where mi is any positive integer. Let ui j be the vertices of mi-vertices part where
Chapter 3. Cordial Labeling 46
1 ≤ i ≤ n, 1 ≤ j ≤ mi. Here we note that |V(G)| = m + n and |E(G)| = 2m where
m = m1 + m2 + . . . + mn.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. n ≡ 0(mod2)
f (vi) = 0; for i ≡ 1(mod2)
= 1; for i ≡ 0(mod2), 1 ≤ i ≤ n
Next label the remaining ui j (1 ≤ i ≤ n,1 ≤ j ≤ mi) alternately using 0 and 1
starting with 0.
Case 2. n ≡ 1(mod2)
Subcase I mi ≡ 0(mod2) for all i, where 1 ≤ i ≤ n.
f (vi) = 0; for i ≡ 1(mod2)
= 1; for i ≡ 0(mod2), 1 ≤ i ≤ n
Next label the remaining vertices ui j (1 ≤ i ≤ n,1 ≤ j ≤ mi) alternately using 0 and
1 starting with 1.
Subcase II mi ≡ 1(mod2) for all i,where 1 ≤ i ≤ n
It is obvious that number of edges in G = q = 2m where m =
n∑
i=1
mi. Here m will be
odd time sum of odd numbers and can be expressed as 4k ± 1 (where k ∈ N).
when m = 4k + 1 when m = 4k − 1
⇒ 4|(m − 1) ⇒ 4|(m + 1)
⇒ 4|(2m − 2) ⇒ 4|(2m + 2)
⇒ 4|(q − 2) ⇒ 4|(2m + 2) and 4|4
⇒ q ≡ 2(mod4) ⇒ 4|(2m − 2)
⇒ 4|(q − 2)
⇒ q ≡ 2(mod4)
Thus G is an Eulerian graph with q ≡ 2(mod4) which is not cordial as proved by
Cahit[10].
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Subcase III mi ≡ 0(mod2) for some i and mi ≡ 1(mod2) for some i, where 1 ≤ i ≤ n
In this case at least one mi must be even so label all the vertices vi+1, vi+2...vn, v1, v2,...,vi
alternately by using 0 and 1 starting with 0.
Now label the remaining ui j (1 ≤ i ≤ n,1 ≤ j ≤ mi) alternately using 0 and 1 starting
with 1.
The labeling pattern defined above covers all possible arrangement of vertices. In
each possibility the graph under consideration satisfies the conditions for cordiality as
shown in Table 3.11 That is, arbitrary supersubdivision of any cycle Cn admits cordial
labeling except when n and all mi are simultaneously odd numbers. 
(In the following table n = 2a + b and m = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0
0 v f (0) = v f (1) = m+n2 e f (0) = e f (1) = m
1 v f (0) = v f (1) + 1 = m+n+12 e f (0) = e f (1) = m
1
0 v f (0) = v f (1) + 1 = m+n+12 e f (0) = e f (1) = m
1 v f (0) = v f (1) = m+n2 e f (0) = e f (1) = m
Table 3.11
Illustration 3.7.6. In the Figure 3.12 arbitrary supersubdivision of C5 and its cordial
labeling is shown. Here m1 = 2, m2 = 2, m3 = 3, m4 = 3 and m5 = 3.(The hollow
vertices are used for the arbitrary supersubdivision of C5.)
Figure 3.12
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3.8 Conclusion and Scope
This chapter was intended to discuss cordial labeling of graphs. We contribute
eleven new results to the theory of cordial graphs. Similar investigations can be carried
out in the context of different labeling techniques and for various graph families.
Following four research papers arise from the content of this chapter.
1. Barycentric subdivision and cordial labeling of some cycle related graphs, Proc.
of the First International Conference on Emerging Technologies and Applications
in Engineering, Technology and Sciences, 1(2008), 1081-1083.
2. Some cordial graphs in the context of barycentric subdivision, International Jour-
nal of Contemporary Mathematical Sciences, 4(30) (2009), 1479-1492.(www.m-
hikari.com)
3. Some new results on cordial labeling in the context of arbitrary supersubdivision
of graph, Applied Mathematical Sciences, 4(47) (2010), 2323-2329.(www.m-
hikari.com)
4. Cordial labeling for shadow graph of some cycle related graphs, Communicated
to Journal of Combinatorics Information and System Sciences.
The reprints of these research papers are given in annexure.
The next chapter is targeted to discuss the product cordial labeling of graphs.
Chapter 4
Product Cordial Labeling
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4.1 Introduction
The previous chapter was devoted to the cordial labeling of graph while this chap-
ter is aimed to discuss a labeling having cordial theme. Here the induced edge labels
are product of vertex labels unlike the absolute difference in cordial labeling and the
labeling is called product cordial. We contribute twelve new results in the context of
product cordial labeling.
4.2 Product Cordial Labeling
We adhere all the notations which are introduced in the concept of cordial label-
ing except the induced edge labeling function. Here f ∗ : E(G) → {0, 1} defined as
f ∗(e)= f (u) f (v).
Definition 4.2.1. A binary vertex labeling of graph G is called a product cordial labeling
if |v f (0) − v f (1)| ≤ 1 and |e f (0) − e f (1)| ≤ 1. A graph with a product cordial labeling is
called a product cordial graph.
In the Figure 4.1 the star K1,4 and its product cordial labeling is shown.
Figure 4.1
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4.3 Some Existing Results on Product Cordial Labeling
The notion of product cordial labeling was introduced by Sundaram et al.[50] and
they proved that
• Every tree is product cordial.
• Every unicyclic graph of odd order is product cordial.
• Every triangular snake is product cordial.
• Dragons and helms are product cordial.
• Pm ∪ Pn is product cordial for all m and n.
• Cm ∪ Pn is product cordial for all m and n.
• Pm ∪ K1,n is product cordial for all m and n.
• Wn ∪ Fn is product cordial for all m and n.
• K1,m ∪ K1,n is product cordial for all m and n.
• Wm ∪ K1,n is product cordial for all m and n.
• Wm ∪ Pn is product cordial for all m and n.
• Wm ∪Cn is product cordial for all m and n.
• The total graph of path Pn is product cordial.
• The total graph of cycle Cn is product cordial if and only if n < 4.
• The one point union of t copies of Cn is product cordial provided t is even or both
t and n are even.
• K2 + mK1 is product cordial if and only if m is odd.
• Km,n ∪ Ps is product cordial if s > mn.
• Cn+2 ∪ K1,n is product cordial if n is odd.
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• Km ∪ Kn, n−12 is product cordial if n is odd.
• Kn ∪ Kn−1, n2 is product cordial if n is even.
• P2n is product cordial if and only if n is odd.
• Km,n (m, n > 2) is not product cordial.
• Pm × Pn (m, n > 2) is not product cordial.
• Wheels Wn are not product cordial.
• A graph G with p vertices and q edges with p ≥ 4 is product cordial then q < p2−14 .
Vaidya and Dani[53] proved that
• Graph < S (1)n : S (2)n > is product cordial.
• Graph < S (1)n : S (2)n , . . . , : S (k)n > is product cordial except for odd k and even n.
• Graph < K(1)1,n : K(2)1,n > is product cordial.
• Graph < K(1)1,n : K(2)1,n, . . . ,K(k)1,n > is product cordial.
4.4 Product Cordial Labeling of Some Cycle Related
Graphs
Theorem 4.4.1. The path union of k copies of cycle Cn is a product cordial graph except
for odd k and even n.
Proof. Let G1,G2, . . . ,Gk be k copies of the cycle Cn and G be the path union of cycle
Cn. Let us denote the successive vertices of the ith copy graph Gi by ui1, ui2, . . . , uin.
Let ei = ui1u(i+1)1 be the edge joining Gi and Gi+1 for i = 1, 2, . . . , k − 1. We note that
|V(G)| = nk and |E(G)| = nk + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
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Case 1. n ≡ 0(mod2)
Subcase I k ≡ 0(mod2)
f (ui j) = 0, 1 ≤ j ≤ n
}
1 ≤ i ≤ k2
f (ui j) = 1, 1 ≤ j ≤ n
}
k
2 < i ≤ k
In view of the above defined labeling pattern v f (0) = v f (1) = nk2 and e f (0) =
e f (1) + 1 = nk+k2 .
Thus the graph G satisfies the condition for product cordial graph. That is, G
admits product cordial labeling when both n and k are even.
Subcase II k ≡ 1(mod2)
In this case we observe that the graph G under consideration is having three types of
vertices
(i) 2 vertices of degree three,
(ii) k − 2 vertices of degree four,
(iii) nk − k vertices of degree two.
If the graph under consideration admits product cordial labeling then it must have
v f (0) = v f (1) = nk2 as n is even and k is odd. It is obvious that the label of either of
the end vertices is 0 then the induced edged labels are 0. Any pattern assigning vertex
labels satisfying vertex condition will induce edge labels for nk + k−1 number of edges
in such a way that |e f (0)− e f (1)| ≥ 2, that is edge condition for product cordial graph is
violated.
Thus the graph G under consideration is not a product cordial graph when n is even
and k is odd.
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Case 2. n ≡ 1(mod2)
Subcase I k ≡ 0(mod2)
f (ui j) = 0; 1 ≤ j ≤ n
}
1 ≤ i ≤ k2
f (ui j) = 1; 1 ≤ j ≤ n
}
k
2 < i ≤ k
In view of the above defined labeling pattern v f (0) = v f (1) = nk2 and e f (0) =
e f (1) + 1 = nk+k2 .
Thus the graph G satisfies the condition for product cordial graph. That is, G
admits product cordial labeling when n is odd and k is even.
Subcase II k ≡ 1(mod2)
f (ui j) = 0; 1 ≤ j ≤ n
}
1 ≤ i ≤ k−12
f (ui j) = 1; 1 ≤ j ≤ n+12
= 0; n+12 < j ≤ n
 i = k+12
f (ui j) = 1; 1 ≤ j ≤ n
}
k+1
2 < i ≤ k
In view of the above defined labeling pattern v f (0) + 1 = v f (1) = nk+12 , and e f (0) =
e f (1) + 1 = nk+k2 .
Thus the graph G satisfies the condition for product cordial graph. That is, G
admits product cordial labeling when n and k both are odd. 
Chapter 4. Product Cordial Labeling 55
Illustration 4.4.2. Consider a graph G obtained by a path union of four copies of cycle
C6. It is the case when both n and k are even. The product cordial labeling is shown in
Figure 4.2.
Figure 4.2
Theorem 4.4.3. The graph obtained by joining two copies of cycle Cn by path Pk admits
product cordial labeling.
Proof. Let G be the graph obtained by joining two copies of cycle Cn by path Pk. Let
u1, u2, . . . , un be the vertices of first copy of cycle Cn and v1, v2, . . . , vn be the vertices of
second copy of cycle Cn. Let w1,w2, . . . ,wk be the vertices of path Pk with u1 = w1 and
v1 = wk. We note that |V(G)| = 2n + k − 2 and |E(G)| = 2n + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (ui) = 0; 1 ≤ i ≤ n
f (vi) = 1; 1 ≤ i ≤ n
f (w j) = 0; 1 < j ≤ k2
= 1; k2 < j < k
Case 2. k ≡ 1(mod2)
f (ui) = 0; 1 ≤ i ≤ n
f (vi) = 1; 1 ≤ i ≤ n
f (w j) = 0; 1 < j ≤ k−12
= 1; k−12 < j < k
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In view of above defined labeling pattern the graph G under consideration admits
product cordial labeling and in each case it satisfies the condition for product cordiality
as shown in Table 4.1. That is, the graph obtained by joining two copies of cycle Cn by
path Pk admits product cordial labeling. 
(In the following table n = 2a + b, k = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0
0 v f (0) = v f (1) = 2n+k−22 e f (0) = e f (1) + 1 =
2n+k
2
1 v f (0) + 1 = v f (1) = 2n+k−12 e f (0) = e f (1) =
2n+k−1
2
1
0 v f (0) = v f (1) = 2n+k−22 e f (0) = e f + 1(1) =
2n+k
2
1 v f (0) + 1 = v f (1) = 2n+k−12 e f (0) = e f (1) =
2n+k−1
2
Table 4.1
Illustration 4.4.4. Consider a graph G obtained by joining two copies of cycle C8 by a
path P3. It is the case related to n ≡ 0(mod2), k ≡ 1(mod2). The labeling is shown in
Figure 4.3.
Figure 4.3
Theorem 4.4.5. The path union of k copies D2(Cn) is a product cordial graph except
for odd k.
Proof. Let D2(Cn) be the shadow graph of the cycle Cn. Let G be the path union of
k copies of G1,G2, . . . ,Gk of shadow graph of D2(Cn). Let G′1,G
′
2, ...,G
′
k be the first k
copies of cycle Cn and G′′1 ,G
′′
2 , ...,G
′′
k be the second k copies of of cycle Cn in D2(Cn).
Let us denote the successive vertices of G′i by u
′
i1, u
′
i2, ..., u
′
in and G
′′
i by u
′′
i1, u
′′
i2, ..., u
′′
in.
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Let ei = u′′i1u
′′
(i+1)1 be the edge joining Gi and Gi+1 for i = 1, 2, . . . , k − 1. We note that
|V(G)| = 2nk and |E(G)| = 4nk + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (u
′
i j) = 0
f (u
′′
i j) = 0
 1 ≤ i ≤
k
2
1 ≤ j ≤ n
f (u
′
i j) = 1
f (u
′′
i j) = 1

k
2 < i ≤ n
1 ≤ j ≤ n
In view of the above defined labeling pattern v f (0) = v f (1) = nk and e f (0) =
e f (1) + 1 = 2nk + k2 .
Thus the graph G satisfies the condition for product cordial graph. That is, G
admits product cordial labeling when k is even.
Case 2. k ≡ 1(mod2)
In this case |V(G)| = 2nk is even. Therefore, in order to satisfy the vertex condition for
product cordiality and to minimize the edge labels with label 0, we label the vertices of
first k−12 copies of D2(Cn) by 0 and last
k−1
2 copies of D2(Cn) by 1. Now for the (
k+1
2 )
th
copy of D2(Cn), we label n vertices of degree four by 0 and remaining n vertices by 1
then |e f (0) − e f (1)| > 2. It is easy to verify that any other pattern to assign vertex labels
satisfying the vertex condition will increase the difference between e f (0) and e f (1).
Thus the graph G under consideration is not a product cordial graph when k is
odd. 
Illustration 4.4.6. Consider a graph G obtained by the path union of two copies of
shadow graph D2(C4) of cycle C4. It is the case related to k is even. The labeling is
shown in Figure 4.4.
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Figure 4.4
Theorem 4.4.7. The graph G obtained by joining two copies of shadow graph D2(Cn)
by a path of arbitrary length is a product cordial graph.
Proof. Let D2(Cn) be the shadow graph of cycle Cn. Let G be the graph obtained by
joining two copies of D2(Cn) by a path Pk of arbitrary length k − 1. Let u′1, u
′
2, . . . , u
′
n be
the vertices of C
′
n and u
′′
1 , u
′′
2 , . . . , u
′′
n be the vertices of C
′′
n in first copy of D2(Cn) in G.
Let v
′
1, v
′
2, . . . , v
′
n be the vertices of C
′
n and v
′′
1 , v
′′
2 , . . . , v
′′
n be the vertices of C
′′
n in second
copy of D2(Cn) in G. Let w1,w2, . . . ,wk be the vertices of path Pk with u
′′
1 = w1 and
v
′′
1 = wk We note that |V(G)| = 4n + k − 2 and |E(G)| = 8n + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (u
′
i) = 0
f (u
′′
i ) = 0
 1 ≤ i ≤ n
f (v
′
i) = 1
f (v
′′
i ) = 1
 1 ≤ i ≤ n
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f (w j) = 0
}
1 < j ≤ k2
f (w j) = 1
}
k
2 < j < k
Case 2. k ≡ 1(mod2)
f (u
′
i) = 0
f (u
′′
i ) = 0
 1 ≤ i ≤ n
f (v
′
i) = 1
f (v
′′
i ) = 1
 1 ≤ i ≤ n
f (w j) = 0
}
1 < j ≤ k−12
f (w j) = 1
}
k−1
2 < j < k
The labeling pattern defined above exhausts all the possibilities. In each case the
graph G under consideration satisfies the conditions for product cordiality as shown in
Table 4.2. That is, the graph G obtained by joining two copies of shadow graph D2(Cn)
by a path of arbitrary length is a product cordial graph. 
(In the following table n = 2a + b, k = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0
0 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
8n+k
2
1 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
8n+k−1
2
1
0 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
8n+k
2
1 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
8n+k−1
2
Table 4.2
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Illustration 4.4.8. Consider a graph G obtained by joining two copies of shadow graph
D2(C5) by a path P3. It is the case related with k ≡ 1(mod2). The labeling pattern is
shown in Figure 4.5.
Figure 4.5
Theorem 4.4.9. The path union k copies of Cn(Cn) is a product cordial graph except for
odd k.
Proof. Let G be the path union of k copies of Cn(Cn). Let G1,G2, ...,Gk be k copies
of cycle Cn and G′1,G
′
2, ...,G
′
k be k copies of cycle Cn which are obtained by joining
each newly inserted vertices of adjacent edges by an edge. Next denote the successive
vertices of Gi by ui1, ui2, ..., uin and corresponding vertices of G′i by u
′
i1, u
′
i2, ..., u
′
in. Let
ei = ui1u(i+1)1 be the edge joining ith copy and (i + 1)th copy of Cn(Cn) for i = 1, 2, . . . , k−
1. Here we note that |V(G)| = 2nk and |E(G)| = 3nk + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (u
′
i j) = 0; 1 ≤ j ≤ n
f (u
′′
i j) = 0; 1 ≤ j ≤ n
 1 ≤ i ≤ k2
f (u
′
i j) = 1; 1 ≤ j ≤ n
f (u
′′
i j) = 1; 1 ≤ j ≤ n
 k2 < i ≤ k
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In view of above defined labeling pattern v f (0) = v f (1) = nk and e f (0) = e f (1)+1 =
3nk+k
2 .
Case 2. k ≡ 1(mod2)
In this case |V(G)| = 2nk is even. Therefore in order to satisfy the vertex condition
for product cordiality and to minimize the edge labels with label 0, we label vertices of
first k−12 copies of Cn(Cn) by 0 and last
k−1
2 copies of Cn(Cn) by 1. Now for the (
k+1
2 )
th
copy of Cn(Cn) we label n adjacent vertices by 0 and remaining n vertices by 1 then
|e f (0) − e f (1)| > 2. It is easy to verify that any other pattern to assign vertex labels
satisfying the vertex condition will increase the difference between e f (0) and e f (1).
Thus the graph under consideration is not a product cordial graph when k is odd. 
Illustration 4.4.10. In the Figure 4.6 the product cordial labeling for the path union of
two copies of C6(C6) is demonstrated.(The hollow vertices are newly inserted vertices
for barycentric subdivision of C6.)
Figure 4.6
Theorem 4.4.11. The graph obtained by joining two copies of Cn(Cn) by a path of
arbitrary length is a product cordial graph.
Proof. Let G be the graph obtained by joining two copies of Cn(Cn) by a path of arbi-
trary length k − 1. Let u1, u2, . . . , un be the vertices of cycle Cn and u′1, u
′
2, . . . , u
′
n be the
corresponding vertices of the cycle which is obtained by joining newly inserted vertices
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of adjacent edges in cycle Cn. Next denote the corresponding vertices in second copy of
Cn(Cn) by v1, v2, . . . , vn and v
′
1, v
′
2, . . . , v
′
n respectively. Let w1,w2, . . . ,wk be the vertices
of path Pk with u1 = w1 and v1 = wk. Here we note that |V(G)| = 4n + k − 2 and
|E(G)| = 6n + k − 1
To define binary vertex labeling f : V(G) → {0, 1} following cases are in our
consideration.
Case 1. If k ≡ 0(mod2)
f (ui) = 0
f (u
′
i) = 0
 1 ≤ i ≤ n
f (vi) = 1
f (v
′
i) = 1
 1 ≤ i ≤ n
f (w j) = 0
}
1 < i ≤ k2
f (w j) = 1
}
k
2 < j ≤ k
Case 2. If k ≡ 1(mod2)
f (ui) = 0
f (u
′
i) = 0
 1 ≤ i ≤ n
f (vi) = 1
f (v
′
i) = 1
 1 ≤ i ≤ n
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f (w j) = 0
}
1 < i ≤ k−12
f (w j) = 1
}
k−1
2 < j ≤ k
The labeling pattern defined above includes all possible arrangement of vertices. In
each case the graph G under consideration satisfies the conditions for product cordiality
as shown in Table 4.3. That is, the graph obtained by joining two copies of Cn(Cn) by a
path of arbitrary length is a product cordial graph. 
(In the following table n = 2a + b, k = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0 0 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
6n+k
2
1 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
1 0 v f (0) = v f (1) = 4n+k−22 e f (0) = e f (1) + 1 =
6n+k
2
1 v f (0) + 1 = v f (1) = 4n+k−12 e f (0) = e f (1) =
6n+k−1
2
Table 4.3
Illustration 4.4.12. Consider a graph G obtained by joining two copies of C4(C4) by
a path P3. The labeling pattern is shown in Figure 4.7.(The hollow vertices are newly
inserted vertices for barycentric subdivision of C4.)
Figure 4.7
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4.5 Product Cordial Labeling of Some Wheel and Shell
Related Graphs
Theorem 4.5.1. The path union of k copies of wheel Wn is a product cordial graph
except for odd k.
Proof. Let G1,G2, . . . ,Gk be k copies of the wheel Wn and G be the path union of wheel
Wn. Let us denote the successive rim vertices of the ith copy of Gi by ui1, ui2, . . . , uin
and the apex vertex by ui0. Let ei = ui1u(i+1)1 be the edge joining Gi and Gi+1 for
i = 1, 2, . . . , k − 1. We note that |V(G)| = (n + 1)k and |E(G)| = 2nk + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (ui j) = 0; 0 ≤ j ≤ n, 1 ≤ i ≤ k2
f (ui j) = 1; 0 ≤ j ≤ n, k2 < i ≤ k
In view of the above defined labeling pattern v f (0) = v f (1) =
(n+1)k
2 and e f (0) =
e f (1) + 1 = nk + k2 .
Thus the graph G satisfies the condition for product cordial graph. That is, G
admits product cordial labeling for even k.
Case 2. k ≡ 1(mod2)
Subcase I n ≡ 0(mod2)
In this case |V(G)| = (n + 1)k is odd. Therefore, in order to satisfy the vertex condition
for product cordiality and to minimize the number of edges with label 0 we label vertices
of first k−12 copies of Wn by 0 and last
k−1
2 copies of Wn by 1. Now for the (
k+1
2 )
th copy
of Wn we label n2 vertices of degree three by 0 and remaining
n+2
2 vertices by 1. Then
v f (0) + 1 = v f (1) =
(n+1)k+1
2 but |e f (0) − e f (1)| ≥ 2. It is easy to verify that all other
pattern to assign vertex labels satisfying the vertex condition will increase the difference
between e f (0) and e f (1).
Subcase II n ≡ 1(mod2)
In this case |V(G)| = (n + 1)k is even. Therefore, in order to satisfy the vertex condition
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for product cordiality to minimize the number of edges with label 0 we label vertices
of first k−12 copies of Wn by 0 and last
k−1
2 copies of Wn by 1. Now for the (
k+1
2 )
th
copy of Wn we label n+12 vertices of degree three by 0 and remaining
n+1
2 vertices by 1.
Then v f (0) = v f (1) =
(n + 1)k
2
but |e f (0) − e f (1)| > 2. It is easy to verify that all other
pattern to assign vertex labels satisfying the vertex condition will increase the difference
between e f (0) and e f (1).
Thus we conclude that the graph G under consideration is not a product cordial
graph for odd k 
Illustration 4.5.2. Consider the graph G obtained by path union of four copies of wheel
W5. Here n = 5 and k = 4. It is the case related to odd n and even k. The product cordial
labeling is shown in Figure 4.8.
Figure 4.8
Theorem 4.5.3. The graph obtained by joining two copies of wheel Wn by a path Pk
admits product cordial labeling.
Proof. Let G be the graph obtained by joining two copies of wheel Wn by a path Pk. Let
u1, u2, . . . , un be the vertices of first copy of wheel Wn and v1, v2, . . . , vn be the vertices
of second copy of wheel Wn. Let u0 and v0 be the apex vertices of first copy and second
copy of Wn respectively. Let w1,w2, . . . ,wk be the vertices of path Pk with u1 = w1 and
v1 = wk. We note that |V(G)| = 2n + k and |E(G)| = 4n + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (ui) = 0; 0 ≤ i ≤ n
f (vi) = 1; 0 ≤ i ≤ n
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f (w j) = 0; 1 < j ≤ k2
= 1; k2 < j < k
Case 2. If k ≡ 1(mod2)
f (ui) = 0; 0 ≤ i ≤ n
f (vi) = 1; 0 ≤ i ≤ n
f (w j) = 0; 1 < j ≤ k−12
= 1; k−12 < j < k
The labeling pattern defined above includes all possible arrangement of vertices. In
each case the graph G under consideration satisfies the conditions for product cordiality
as shown in Table 4.4. That is, the graph obtained by joining two copies of wheel Wn
by a path Pk admits product cordial labeling. 
(In the following table n = 2a + b, k = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0 0 v f (0) = v f (1) = 2n+k2 e f (0) = e f (1) + 1 =
4n+k
2
1 v f (0) + 1 = v f (1) = 2n+k+12 e f (0) = e f (1) =
4n+k−1
2
1 0 v f (0) = v f (1) = 2n+k2 e f (0) = e f (1) + 1 =
4n+k
2
1 v f (0) + 1 = v f (1) = 2n+k+12 e f (0) = e f (1) =
4n+k−1
2
Table 4.4
Illustration 4.5.4. Consider a graph G obtained by joining two copies of wheel W7 by
a path P4. The product cordial labeling is shown in Figure 4.9.
Figure 4.9
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Theorem 4.5.5. The path union of k copies of shell S n is a product cordial graph except
for odd k and even n.
Proof. Let G1,G2, ...,Gk be k copies of shell S n and G be the path union of S n. Let
us denote the successive vertices of ith copy Gi by ui1, ui2, . . . , uin. Let ui1 be the apex
vertex of Gi. Without loss of generality we start the label assignment to vertices of
Gi in clockwise direction. Let ei = ui1u(i+1)1 be the edge joining Gi and Gi+1 for i =
1, 2, . . . , k − 1. We note that |V(G)| = nk and |E(G)| = 2k(n − 1) − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases .
Case 1. n ≡ 0(mod2)
Subcase I k ≡ 0(mod2)
f (ui j) = 0; 1 ≤ j ≤ n
}
1 ≤ i ≤ k2
f (ui j) = 1; 1 ≤ j ≤ n
}
k
2 < i ≤ k
In view of the above defined labeling pattern v f (0) = v f (1) = nk2 and e f (0) =
e f (1) + 1 = k(n − 1).
Thus the graph G satisfies the condition for product cordial graph. That is, G
admits product cordial labeling when n and k are even.
Subcase II k ≡ 1(mod2)
In this case we observe that the graph G under consideration is having four types of
vertices
• 2k vertices of degree two,
• (n − 3)k vertices of degree three,
• 2 vertices of degree n,
• k − 2 vertices of degree n + 1.
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If the graph under consideration admits product cordial labeling then it must have
v f (0) = v f (1) = nk2 as n is even and k is odd. It is obvious that label of the either end
vertices is 0 then the induced edge label is zero. Any patten of assigning vertex labels
satisfying vertex condition will induce edge labels for 2k(n− 1)− 1 edges in such a way
that |e f (0) − e f (1)| > 2.
Thus the graph G under consideration will violet the edge condition for product
cordiality That is, G is not a product cordial graph when k is odd and n is even.
Case 2. n ≡ 1(mod2)
Subcase I k ≡ 0(mod2)
f (ui j) = 0; 1 ≤ j ≤ n
}
1 ≤ i ≤ k2
f (ui j) = 1; 1 ≤ j ≤ n
}
k
2 < i ≤ k
In view of the above defined labeling pattern v f (0) = v f (1) = nk2 and e f (0) =
e f (1) + 1 = k(n − 1).
Thus the graph G satisfies the condition for product cordial graph. That is, G
admits product cordial labeling when n is odd and k is even.
Subcase II k ≡ 1(mod2)
f (ui j) = 0; 1 ≤ j ≤ n
}
1 ≤ i ≤ k−12
f (ui j) = 1; j = 1
f (ui j) = 0; j = 2
f (ui j) = 1; 3 < j ≤ n+32
f (ui j) = 0; n+32 < j ≤ n − 1
f (ui j) = 0; j = n

i = k+12
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f (ui j) = 1; 1 ≤ j ≤ n
}
k+1
2 < i ≤ k
In view of the above defined labeling pattern v f (0) + 1 = v f (1) = nk+12 and e f (0) =
e f (1) + 1 = k(n − 1).
Thus we conclude that the graph G admits product cordial labeling except for the
case when n is even and k is odd. 
Illustration 4.5.6. In the Figure 4.10 the product cordial labeling for the path union of
three copies of shell S 7 is demonstrated.
Figure 4.10
Theorem 4.5.7. The graph G obtained by joining two copies of shell S n by a path of
arbitrary length is a product cordial graph.
Proof. Let G be the graph obtained by joining two copies of shell S n by a path Pk. Let
u1, u2, . . . , un be the vertices of first copy of shell S n and v1, v2, . . . , vn be the vertices of
second copy of shell S n. Let w1,w2, . . . ,wk be the vertices of path Pk with u1 = w1 and
v1 = wk. We note that |V(G)| = 2n + k − 2 and |E(G)| = 4n + k − 9.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (ui) = 0; 1 ≤ i ≤ n
f (vi) = 1; 1 ≤ i ≤ n
f (w j) = 0; 1 < j ≤ k2
= 1; k2 < j < k
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Case 2. k ≡ 1(mod2)
f (ui) = 0; 1 ≤ i ≤ n
f (vi) = 1; 1 ≤ i ≤ n
f (w j) = 0; 1 < j ≤ k−12
= 1; k−12 < j < k
The labeling pattern defined above includes all possible arrangement of vertices. In
each case the graph G under consideration satisfies the conditions for product cordiality
as shown in Table 4.5. That is, the graph G obtained by joining two copies of shell S n
by a path of arbitrary length is a product cordial graph. 
(In the following table n = 2a + b, k = 2c + d where a, c ∈ N.)
b d Vertex conditions Edge conditions
0 0 v f (0) = v f (1) = 2n+k−22 e f (0) = e f (1) + 1 =
4n−6+k
2
1 v f (0) + 1 = v f (1) = 2n+k−12 e f (0) = e f (1) =
4n−7+k
2
1 0 v f (0) = v f (1) = 2n+k−22 e f (0) = e f (1) + 1 =
4n−6+k
2
1 v f (0) + 1 = v f (1) = 2n+k−12 e f (0) = e f (1) =
4n−7+k
2
Table 4.5
Illustration 4.5.8. Consider a graph G obtained by joining two copies of shell S 8 by a
path P3. The labeling pattern is shown in Figure 4.11.
Figure 4.11
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4.6 Product Cordial Labeling of Some Graphs Related
to Petersen Graph
Theorem 4.6.1. The path union of k copies of Petersen graph is a product cordial graph
except for odd k.
Proof. Let G be the path union of k copies G1,G2, . . . ,Gk of Petersen graph. Let us de-
note the external vertices of Gi by ui1, ui2, ui3, ui4, ui5 and internal vertices by ui6, ui7, ui8,
ui9, ui10. Let ei = ui1u(i+1)1 be the edge joining Gi and Gi+1 for i = 1, 2, . . . , k − 1. We
note that |V(G)| = 10k and |E(G)| = 16k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (ui j) = 0; 1 ≤ i ≤ k2 , 1 ≤ j ≤ 10
f (ui j) = 1; k2 < i ≤ k, 1 ≤ j ≤ 10
In view of above defined labeling pattern v f (0) = v f (1) = 5k and e f (0) = e f (1)+1 =
8k.
Case 2. k ≡ 1(mod2)
In this case |V(G)| = 10k is even. Therefore, in order to satisfy the vertex condition for
product cordiality and to minimize the edge labels with label 0, we label the vertices of
first k−12 copies of G by 0 and last
k−1
2 copies of G by 1. Now for the (
k+1
2 )
th copy of G, we
label 5 vertices of degree three by 0 and remaining 5 vertices by 1 then |e f (0)−e f (1)| > 2.
It is easy to verify that any other pattern to assign vertex labels satisfying the vertex
condition will increase the difference between e f (0) and e f (1).
Thus we conclude that the graph G under consideration is not a product cordial
graph for odd k. 
Illustration 4.6.2. In the Figure 4.12 the product cordial labeling for the path union of
two copies of Petersen graph is demonstrated.
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Figure 4.12
Theorem 4.6.3. The graph G obtained by joining two copies of Petersen graph by a
path of arbitrary length is a product cordial graph.
Proof. Let G1 and G2 be two copies of a Petersen graph. Let G be the graph obtained by
joining G1 and G2 by a path of arbitrary length k−1. Let u1, u2, u3, u4, u5 be the external
vertices of G1 and u6, u7, u8, u9, u10 be the internal vertices of G1. Let v1, v2, v3, v4, v5
be the external vertices of G2 and v6, v7, v8, v9, v10 be the internal vertices of G2. Let
w1,w2, . . . ,wk be the vertices of path Pk with u1 = w1 and v1 = wk. We note that
|V(G)| = 20 + k − 2 and |E(G)| = 30 + k − 1.
To define binary vertex labeling f : V(G)→ {0, 1} we consider following cases.
Case 1. k ≡ 0(mod2)
f (ui) = 0; 1 ≤ i ≤ 10
f (vi) = 1; 1 ≤ i ≤ 10
f (w j) = 0; 1 < j ≤ k2
= 1; k2 < j < k
Case 2. k ≡ 1(mod2)
f (ui) = 0; 1 ≤ i ≤ 10
f (vi) = 1; 1 ≤ i ≤ 10
f (w j) = 0; 1 < j ≤ k−12
= 1; k−12 < j < k
Chapter 4. Product Cordial Labeling 73
The labeling pattern defined above exhausts all the possibilities. In each case the
graph G under consideration satisfies the conditions for product cordiality as shown in
Table 4.6. That is, the graph G obtained by joining two copies of Petersen graph by a
path of arbitrary length is a product cordial graph. 
(In the following table k = 2c + d where c ∈ N.)
d Vertex conditions Edge conditions
0 v f (0) = v f (1) = 10 + k−22 e f (0) = e f (1) + 1 = 15 +
k
2
1 v f (0) + 1 = v f (1) = 10 + k−12 e f (0) = e f (1) = 15 +
k−1
2
Table 4.6
Illustration 4.6.4. Consider a graph G obtained by joining two copies of Petersen graph
by a path P6. The labeling pattern is shown in Figure 4.13.
Figure 4.13
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4.7 Conclusion and Scope
The product cordial labeling is discussed in detail and some existing results are
reported. We have investigated twelve new results.
Similar investigations can be carried out in the context of different labeling tech-
niques and to investigate necessary and sufficient condition for the existence of product
cordial labeling is an open area of research. The content of this chapter give rise to
following research paper.
• Some cycle related product cordial graphs, International Journal of Algorithms,
Computing and Mathematics, 3(1) (2010), 109-116.
(www.eashwarpublications.com)
The reprint of this research paper is given in annexure.
The next chapter is focused on strongly multiplicative labeling of graphs.
Chapter 5
Strongly Multiplicative Labeling
75
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5.1 Introduction
In this chapter we consider a labeling that has the same flavor as graceful and
harmonious labeling in its simplicity of definition. Its requirement is that all of the edge
labels be different however it uses product rather than sum and difference.
After giving formal definitions and some existing results in following sections 5.2
and 5.3 we turn in sections 5.4 and 5.5 to report our investigations on strongly multi-
plicative labeling.
5.2 Strongly Multiplicative Labeling
Definition 5.2.1. A graph G = (V(G), E(G)) with p vertices is said to be multiplicative
if the vertices of G can be labeled with distinct positive integers such that label induced
on the edges by the product of labels of end vertices are all distinct.
Multiplicative labeling was introduced by Beineke and Hegde[8]. In the same
paper they proved that every graph G admits multiplicative labeling and defined strongly
multiplicative labeling as follows.
Definition 5.2.2. A graph G = (V(G), E(G)) with p vertices is said to be strongly multi-
plicative if the vertices of G can be labeled with p distinct integers 1, 2, . . . , p such that
label induced on the edges by the product of labels of the end vertices are all distinct.
In the Figure 5.1 the wheel W5 and its strongly multiplicative labeling is shown.
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Figure 5.1
5.3 Some Existing Results on Strongly Multiplicative La-
beling
Beineke and Hegde[8] proved that
• Every cycle Cn is strongly multiplicative.
• Every wheel Wn is strongly multiplicative.
• Complete graph Kn is strongly multiplicative if and only if n ≤ 5.
• Complete bipartite graph Kn,n is strongly multiplicative if and only if n ≤ 4.
• Every spanning subgraph of a strongly multiplicative graph is strongly multiplica-
tive.
• Every graph is an induced subgraph of a strongly multiplicative graph.
Vaidya et al.[54] proved that
• Arbitrary supersubdivision of tree T is strongly multiplicative.
• Arbitrary supersubdivision of complete bipartite graph Km,n is strongly multi-
plicative.
• Arbitrary supersubdivision of grid graph Pm × Pn is strongly multiplicative.
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• Arbitrary supersubdivision of armed crown Cn  Pm is strongly multiplicative.
• Arbitrary supersubdivision of C(m)n is strongly multiplicative.
5.4 Strongly Multiplicative Labeling for Some Cycle Re-
lated Graphs
Theorem 5.4.1. Every cycle with one chord is strongly multiplicative.
Proof. Let G be the cycle Cn with one chord and v1, v2, . . . , vn be the consecutive ver-
tices of Cn arranged in the clockwise direction. Let e = v1vi be the chord of cycle
Cn.
Let us define labeling f : V(G)→ {1, 2, . . . , n} as follows.
f (v1) = 1
f (vi) = p1; where p1 is the highest prime number such that p1 ≤ n.
f (vn) = p2; where p2 is the second highest prime number such that 1 < p2 < p1 ≤ n.
Now label the remaining vertices starting from v2 consecutively in clockwise di-
rection from the set {1, 2, . . . , n} except 1, p1 and p2 as these numbers are already used
as labels.
The labeling pattern defined above covers all the possibilities and in each case
the graph G under consideration admits strongly multiplicative labeling. That is, every
cycle with one chord is strongly multiplicative. 
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Illustration 5.4.2. Consider a cycle C6 with one chord. The labeling is as shown in
Figure 5.2.
Figure 5.2
Theorem 5.4.3. Every Cycle with twin chords is strongly multiplicative.
Proof. Let G be the cycle Cn with twin chords. Let v1, v2, . . . , vn be the consecutive
vertices of Cn arranged in the clockwise direction. Let e1 = v1vi, e2 = v1vi+1 be two
chords of Cn.
Let us define labeling f : V(G)→ {1, 2, . . . , n} as follows.
f (v1) = 1
f (vi) = p1; where p1 is the highest prime number such that p1 ≤ n.
f (vi+1) = p2; where p2 is the second highest prime number such that 1 < p2 < p1 ≤ n .
f (vn) = p3; where p3 is the third highest prime number such that 1 < p3 < p2 < p1 ≤ n.
Now label the remaining vertices starting from v2 consecutively in clockwise di-
rection from the set {1, 2, ..., n} − {1, p1, p2, p3}.
The labeling pattern defined above covers all the possibilities and in each case the
graph G under consideration admits strongly multiplicative labeling. That is, cycle with
twin chords is strongly multiplicative. 
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Illustration 5.4.4. Consider a cycle C7 with twin chords. The labeling is as shown in
Figure 5.3.
Figure 5.3
Theorem 5.4.5. Every cycle with triangle Cn(1, 1, n − 5) is strongly multiplicative.
Proof. Let G be the cycle Cn with triangle. Let e1, e2 and e3 be three chords of cycle
Cn. Let v1 and v3 be the end vertices of e1. Let v3 and vn−1 be the end vertices of e2. Let
vn−1 and v1 be the end vertices of e3.
To define labeling f : V(G)→ {1, 2, . . . , n} we consider following cases
Case 1. n ≡ 0(mod2)
In this case we define labeling as
f (vi) = 2i − 1; 1 ≤ i ≤ n2
= 2(n − i + 1); n2 < i ≤ n
Case 2. n ≡ 1(mod2)
In this case we define labeling as
f (vi) = 2i − 1; 1 ≤ i ≤ n+12
= 2(n − i + 1); n+12 < i ≤ n
The labeling pattern defined above covers all the possibilities. In each case the
graph G under consideration admits strongly multiplicative labeling. That is, cycle with
triangle Cn(1, 1, n − 5) is strongly multiplicative. 
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Remark 5.4.6.
• In above Theorem 5.4.5 we discuss strongly multiplicative labeling for Cn(1, 1, n−
5) but it is also possible to develop strongly multiplicative labeling when three
chords make all possible triangle in accordance with definition of cycle with tri-
angle. For the sake of brevity this discussion is not reported here.
Illustration 5.4.7. Consider a cycle C10 with triangle. The labeling is as shown in
Figure 5.4.
Figure 5.4
Theorem 5.4.8. The graph obtained by the path union k copies of cycle Cn is a strongly
multiplicative graph.
Proof. Let G be the path union of cycle Cn and G1,G2, . . . ,Gk be k copies of the cycle
Cn. Let us denote the successive vertices of the graph Gi by ui1, ui2, . . . , uin. Let ei =
ui1u(i+1)1 be the edge joining Gi and Gi+1 for i = 1, 2, . . . , k − 1. Here we note that
|V(G)| = nk and |E(G)| = nk + k − 1.
To define labeling f : V(G)→ {1, 2, . . . , nk + (k− 1)} we consider following cases.
Case 1. If n ≡ 0(mod2)
f (ui j) = ni − 2 j + 1; 1 ≤ j ≤ n2
= n(i − 1) + (2 j − n); n2 < j ≤ n
 for anyi
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Case 2. If n ≡ 1(mod2)
f (ui j) = ni − 2 j + 2; 1 ≤ j ≤ n+12
= n(i − 1) + (2 j − n − 1); n+12 < j ≤ n
 iodd
f (ui j) = ni − 2 j + 1; 1 ≤ j ≤ n−12
= n(i − 1) + (2 j − n − 2); n−12 < j ≤ n
 ieven
Thus we proved that the graph G under consideration admits strongly multiplica-
tive labeling. That is, the graph obtained by the path union k copies of cycle Cn is a
strongly multiplicative graph. 
Illustration 5.4.9. Consider a graph G obtained by path union of three copies cycle C6.
It is the case related to n ≡ 0(mod2). The strongly multiplicative labeling is as shown
in Figure 5.5.
Figure 5.5
Theorem 5.4.10. The graph obtained by joining two copies of cycle Cn by a path Pk is
a strongly multiplicative graph.
Proof. Let G be the graph obtained by joining two copies of cycle Cn by a path Pk. Let
u1, u2, . . . , un be the vertices of first copy of cycle Cn and v1, v2, . . . , vn be the vertices of
second copy of cycle Cn. Let w1,w2, . . . ,wk be the vertices of path Pk with u1 = w1 and
v1 = wk. We note that |V(G)| = 2n + k − 2 and |E(G)| = 2n + k − 1.
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To define labeling f : V(G) → {1, 2, . . . , 2n, 2n + 1, . . . , 2n + k − 1} we consider
following cases.
Case 1. If n ≡ 0(mod2)
f (ui) = n − 2i + 1; 1 ≤ i ≤ n2
= 2i − n; n2 < i ≤ n
f (w j) = n + j − 1; 1 < j < k
f (vi) = n + k + 2i − 3; 1 ≤ i ≤ n2
= 3n + k − 2 j; n2 < i ≤ n
Case 2. If n ≡ 1(mod2)
f (ui) = n − 2i + 2; 1 ≤ i ≤ n+12
= 2i − n − 1; n+12 < i ≤ n
f (w j) = n + j − 1; 1 < j < k
f (vi) = n + k + 2i − 3; 1 ≤ i ≤ n+12
= 3n + k − 2 j; n+12 < i ≤ n
Thus we proved that the graph G under consideration admits strongly multiplica-
tive labeling. That is, the graph obtained by joining two copies of cycle Cn by a path Pk
is a strongly multiplicative graph. 
Illustration 5.4.11. Consider a graph G obtained by joining two copies of cycle C8 by
a path P4. It is the case related to n ≡ 0(mod2). The labeling is shown in Figure 5.6.
Figure 5.6
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Theorem 5.4.12. Duplication of arbitrary vertex of cycle Cn produces a strongly mul-
tiplicative graph.
Proof. Let Cn be the cycle with n vertices and v
′
k be the duplication of vk. Denote the
resultant graph as G.
To define required labeling f : V(G) → {1, 2, . . . , n + 1} we consider following
cases.
Case 1. If n ≡ 0(mod2)
In this case we define labeling f as
f (v
′
k) = 1
For 1 ≤ i ≤ n − k + 1
f (vk+i−1) = 2i + 1; 1 ≤ i ≤ n2
= 2(n − i + 1); n2 < i ≤ n.
Case 2. If n ≡ 1(mod2)
In this case we define labeling f as
f (v
′
k) = 1
For 1 ≤ i ≤ n − k + 1
f (vk+i−1) = 2i + 1; 1 ≤ i ≤ n−12
= 2(n − i + 1); n−12 < i ≤ n.
For n − k + 2 ≤ i ≤ n
f (vk+i−n−1) = 2i + 1; 1 ≤ i ≤ n−12
= 2(n − i + 1); n−12 < i ≤ n.
For n − k + 2 ≤ i ≤ n
f (vk+i−n−1) = 2i + 1; 1 ≤ i ≤ n2
= 2(n − i + 1); n2 < i ≤ n.
In each case described above the graph under consideration admits strongly multi-
plicative labeling. That is, duplication of arbitrary vertex of cycle Cn produces a strongly
multiplicative graph. 
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Illustration 5.4.13. Consider a graph G obtained by duplicating a vertex v1 in cycle C6.
The labeling is as shown in Figure 5.7.
Figure 5.7
Theorem 5.4.14. Fusion of two vertices vi and v j (where d(vi, v j) ≥ 3) of cycle Cn is
strongly multiplicative.
Proof. Let Cn be the cycle with vertices v1, v2, . . . , vn. Let the vertex v1 be fused with
vm where m ≤ dn2e. Let G be the graph obtained by fusing v1 and vm. It is obvious
that fusion of two vertices in cycle Cn produces a connected graph which includes two
edge-disjoint cycles Cm−1 and Cn−m+1.
To define labeling f : V(G)→ {1, 2, . . . , n − 1} we consider following cases.
Case 1. If n ≡ 0(mod2)
Subcase I m − 1 ≡ 1(mod2) and n − m + 1 ≡ 1(mod2)
In this case we define labeling f as
f (v1) = m − 1
f (vi) = m − 2i + 1; 1 < i ≤ m2
= 2i − m; m2 < i ≤ m − 1
= 2i − m − 1; m < i ≤ m+n2
= 2n − 2i + m; m+n2 < i ≤ n
Subcase II m − 1 ≡ 0(mod2) and n − m + 1 ≡ 0(mod2)
In this case we define labeling f as
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f (v1) = m − 2
f (vi) = m − 2i; 1 < i ≤ m−12
= 2i − m + 1; m−12 < i ≤ m − 1
= 2i − m − 2; m < i ≤ m+n+12
= 2n − 2i + m + 1; m+n+12 < i ≤ n.
Case 2. If n ≡ 1(mod2)
Subcase I m − 1 ≡ 0(mod2) and n − m + 1 ≡ 1(mod2)
In this case we define labeling f as
f (v1) = m − 2
f (vi) = m − 2i; 1 < i ≤ m−12
= 2i − m + 1; m−12 < i ≤ m − 1
= 2i − m − 2; m < i ≤ m+n2
= 2n − 2i + m + 1; m+n2 < i ≤ n
Subcase II m − 1 ≡ 1(mod2) and n − m + 1 ≡ 0(mod2)
In this case we define labeling f as
f (v1) = m − 1
f (vi) = m − 2i + 1; 1 < i ≤ m2
= 2i − m; m2 < i ≤ m − 1
= 2i − m − 1; m + 1 ≤ i ≤ m+n−12
= 2n − 2i + m; m+n−12 < i ≤ n
In each possibility described above the graph G under consideration admits strongly
multiplicative labeling. That is,fusion of two vertices vi and v j (where d(vi, v j) ≥ 3) of
cycle Cn is strongly multiplicative. 
Remark 5.4.15.
• When m > d n2e the fusion of two vertices will repeat all the graphs which are
already considered earlier.
• When d(vi, v j) < 3 then fusion yields a graph which is not simple and it is not
desirable for strongly multiplicative labeling.
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Illustration 5.4.16. Consider a graph G obtained by fusing vertex v1 with v6 in the cycle
C11. The labeling is as shown in Figure 5.8.
Figure 5.8
5.5 Arbitrary Supersubdivision and Strongly Multiplica-
tive Labeling of Some Graphs
Theorem 5.5.1. Arbitrary supersubdivision of any path Pn is strongly multiplicative.
Proof. Let Pn be the path of length n − 1 with vertices v1, v2, v3, . . . , vn. Let ei denote
the edge vivi+1 of the path Pn for 1 ≤ i ≤ n − 1.
Let G be the graph obtained by arbitrary supersubdivision of Pn. That is, for 1 ≤
i ≤ n − 1 each edge ei of the path Pn is replaced by a complete bipartite graph K2,mi
where mi is any positive integer. Let ui j be the vertices which are used for arbitrary
supersubdivision where 1 ≤ i ≤ n − 1, 1 ≤ j ≤ mi. Here we note that | V |= m1 + m2 +
. . . + mn−1 + n.
Define labeling f : V(G)→ {1, 2, . . . ,m1 + m2 + . . . + mn−1 + n} as follows.
f (v1) = 1
f (vi) = m1 + m2 + . . . + mi−1 + i; 2 ≤ i ≤ n
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Now label the remaining vertices ui j consecutively from the set {1, 2, . . . ,m1 +m2 +
. . . + mn−1 + n} − {1,m1 + 1, . . . ,m1 + m2 + . . . + mn−1 + n}.
The labeling pattern defined above covers all the possibilities and in each case the
graph G under consideration admits strongly multiplicative labeling. That is, arbitrary
supersubdivision of any path Pn is strongly multiplicative. 
Illustration 5.5.2. In the Figure 5.9 the arbitrary supersubdivision of P5 and its strongly
multiplicative labeling is shown where m1 = 2, m2 = 3, m3 = 4 and m4 = 2.(The hollow
vertices are used for the arbitrary supersubdivision of P5.)
Figure 5.9
Theorem 5.5.3. Arbitrary supersubdivision of the star K1,n is strongly multiplicative.
Proof. Let K1,n be the star with pendant vertices v1, v2, v3, . . . , vn and v0 be the apex
vertex of K1,n. Let ei denote the edge v0vi of the star K1,n for 1 ≤ i ≤ n.
Let G be the graph obtained by arbitrary supersubdivision of K1,n. That is, for
1 ≤ i ≤ n each edge ei of the star K1,n is replaced by a complete bipartite graph K2,mi
where mi is any positive integer.Let ui j be the vertices which are used for arbitrary
supersubdivision 1 ≤ i ≤ n,1 ≤ j ≤ mi. It is clear that | V |= m1 + m2 + . . . + mn + n + 1.
Define labeling f : V(G)→ {1, 2, . . . ,m1 + m2 + . . . + mn + n + 1} as follows.
f (v0) = p0 ; where p0 is the highest prime number such that p0 ≤ m1+m2+...+mn+n+1.
Now label the remaining vertices v1, u11, u12, ..., u1m1 , v2, u21, u22, ..., u2m2 , ..., vn, un1 ,
un2,..., unmn consecutively from the set {1, 2, ...,m1 + m2 + ... + mn + n + 1} − {p0}.
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The labeling pattern defined above covers all the possibilities and in each case the
graph G under consideration admits strongly multiplicative labeling. That is, arbitrary
supersubdivision of the star K1,n is strongly multiplicative. 
Illustration 5.5.4. In the Figure 5.10 the arbitrary supersubdivision of K1,4 and its
strongly multiplicative labeling is shown where m1 = 2, m2 = 4, m3 = 3 and m4 =
5.(The hollow vertices are used for the arbitrary supersubdivision of K1,4.)
Figure 5.10
Theorem 5.5.5. Arbitrary supersubdivision of any cycle Cn is strongly multiplicative.
Proof. Let Cn be the cycle of length n with vertices v1, v2, v3, . . . vn. Let ei = vivi+1 be
the edges of the cycle Cn for 1 ≤ i ≤ n − 1 and en = vnv1 .
Let G be the graph obtained by arbitrary supersubdivision of Cn. That is, for
1 ≤ i ≤ n each edge ei of the cycle Cn is replaced by a complete bipartite graph K2,mi
where mi is any positive integer. Let ui j be the vertices which are used for arbitrary
supersubdivision 1 ≤ i ≤ n,1 ≤ j ≤ mi. It obvious that | V |= m1 + m2 + . . . + mn + n.
Let us define labeling f : V(G)→ {1, 2, . . . ,m1 + m2 + . . . + mn + n} as follows.
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f (v1) = p1 Where p1 is the highest prime number such that p1 ≤ m1 + m2 + . . .+ mn + n.
f (vi) = m1 + m2 + . . . + mi + i − 1 for 2 ≤ i ≤ n.
Now label the remaining vertices consecutively from the set {1, 2, ...,m1 +m2 + . . .+
mn + n} − {p1,m1 + 1,m1 + m2 + . . . + mn + n}
The labeling pattern defined above covers all the possibilities and in each case the
graph G under consideration admits strongly multiplicative labeling. That is, arbitrary
supersubdivision of the cycle Cn is strongly multiplicative. 
Illustration 5.5.6. In the Figure 5.11 the arbitrary supersubdivision of C4 and its strongly
multiplicative labeling is shown where m1 = 2, m2 = 2, m3 = 3 and m4 = 2.(The hollow
vertices are used for the arbitrary supersubdivision of C4.)
Figure 5.11
Theorem 5.5.7. Arbitrary supersubdivision of any tadpole Tn,l is strongly multiplica-
tive.
Proof. Let Cn be the cycle of length n with vertices v1, v2, v3, . . . vn. Let Pl be the path
with vertices vn+1, vn+2, vn+3 . . . vn+l. Let ei = vivi+1 for 1 ≤ i ≤ n − 1, en = vnv1 and
ei = vi−1vi for n < i ≤ n + l be the edges of tadpole Tn,l .
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Let G be the graph obtained by arbitrary supersubdivision of Tn,l. That is, for
1 ≤ i ≤ n + l each edge ei of the tadpole Tn,l is replaced by a complete bipartite graph
K2,mi where mi is any positive integer. Let ui j be the vertices which are used for arbitrary
supersubdivision 1 ≤ i ≤ n + l, 1 ≤ j ≤ mi as follows. We observe that | V |=
m1 + m2 + . . . + mn + . . . + mn+l + n + l.
Define labeling f : V(G) → {1, 2 . . .m1 + m2 + . . . + mn + . . . + mn+l + n + l} as
follows.
f (vn) = p1
where p1 is the highest prime number such that p1 ≤ m1 +m2 + . . .+mn + . . .+mn+l +n+ l.
Now label the remaining vertices consecutively from the set {1, 2, ...,m1 +m2 + . . .+
mn + . . . + mn+l + n + l} − {p1}.
The labeling pattern defined above covers all possibilities and in each case the
graph G under consideration admits strongly multiplicative labeling. That is arbitrary
supersubdivision of the tadpole Tn,l is strongly multiplicative. 
Illustration 5.5.8. In the Figure 5.12 the arbitrary supersubdivision of tadpole T4,2 and
its strongly multiplicative labeling is shown where m1 = 3, m2 = 2, m3 = 2, m4 = 2,
m5 = 2 and m6 = 2.(The hollow vertices are used for the arbitrary supersubdivision of
T4,2.)
Figure 5.12
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5.6 Conclusion and Scope
Here we have contributed eleven results on strongly multiplicative labeling. Whether
the strongly multiplicative labeling is preserved under certain graph operations? is the
open area of research.
The content of this chapter give rise following two research papers.
1. Strongly multiplicative labeling for some cycle related graphs Modern Applied
Science, 4(7) (2010), 82-88.(www.ccsenet.org)
2. Some strongly multiplicative graphs in the context arbitrary supersubdivision sub-
mitted to International Journal Applied Mathematics and Computation.
The reprint of this research paper is provided in annexure.
The next chapter is devoted to the discussion of prime labeling of graphs.
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6.1 Introduction
In the previous chapter we have investigated some new results on cordial labeling,
product cordial labeling and strongly multiplicative labeling while this chapter is de-
voted to the prime labeling of graphs. Prime graphs have been considered in Acharya[1],
Ho et al.[24], Leech[34] and Rosa[40].
In the immediate section we will define prime graph and latest updates on the
concept.
6.2 Prime Labeling
Definition 6.2.1. Let G = (V(G), E(G)) be a graph with p vertices. A bijection f :
V(G) → {1, 2, . . . , p} is called a prime labeling if for each edge e = uv, gcd( f (u), f (v))
= 1. A graph which admits prime labeling is called a prime graph.
In the Figure 6.1 friendship graph F3 and its prime labeling is shown.
Figure 6.1
6.3 Some Existing Results on Prime Labeling
The notion of prime labeling was originated by Entringer and it was introduced in
a paper by Tout et al. [51].
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Authors in [33, 51] proved that
• Path Pn is a prime graph for any n ∈ N.
• Cycle Cn is a prime graph for any n ∈ N.
• Complete graph Kn is a prime graph if and only if n ≤ 3.
• Wheel Wn is a prime graph for any even n.
Seoud et al.[41] proved that
• Fans fn are prime graph for any n ∈ N.
• Helms are prime graph.
• Flowers are prime graph.
• Stars K2,n and K3,n are prime unless n = 3 or n = 7.
In the next section we will investigate some new prime graphs.
6.4 Prime Labeling for Some Cycle Related Graphs
Theorem 6.4.1. The graph obtained by identifying any two vertices vi and v j (where
d(vi, v j) ≥ 3) of cycle Cn is a prime graph.
Proof. Let Cn be the cycle with vertices v1, v2, . . . , vn and the vertex v1 be fused with vm
where m ≤ dn/2e. Denote the resultant graph as G. Here we note that |V(G)| = n − 1.
It is obvious that by identifying two vertices of cycle Cn produces a connected graph
having two edge disjoint cycles Cm−1 and Cn−m+1.
We define labeling f : V(G)→ {1, 2, . . . , n − 1} as follows.
f (vi) = i; 1 ≤ i < m
f (vi) = i − 1; m + 1 ≤ i ≤ n
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According to this pattern the vertices are labeled such that for any edge e = viv j ∈ G,
gcd( f (vi), f (v j)) = 1
Thus we proved that the graph under consideration admits prime labeling. That is,
the graph obtained by identifying any two vertices vi and v j (where d(vi, v j) ≥ 3) of
cycle Cn is a prime graph. 
Remark 6.4.2.
• when m > d n2e identifying two vertices will repeat all the graphs which are already
considered earlier for m ≤ dn2e.
• when d(vi, v j) < 3 then fusion yields a graph which is not simple and it is not
desirable for the prime labeling.
Illustration 6.4.3. Consider a graph G obtained by identifying the vertex v1 with v6 of
cycle C11. It is the case related to n ≡ 1(mod2). The prime labeling is as shown in
Figure 6.2.
Figure 6.2
Theorem 6.4.4. The graph obtained by duplicating arbitrary vertex of cycle Cn is a
prime graph.
Proof. Let vk be arbitrary vertex of cycle Cn, v′k be its duplicated vertex and G be the
graph resulted due to duplication of vertex vk. Then |V(G)| = n + 1.
We define labeling f : V(G)→ {1, 2, . . . , n + 1} as follows.
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f (vk) = 4
f (v′k) = 2
f (vk+1) = 3
f (vk+i) = i + 3; 1 < i < n − 1
f (vk+n−1) = 1
Using above pattern the vertices of G are labeled such that for any edge e = viv j ∈ G,
gcd( f (vi), f (v j)) = 1.
Thus function defined above provides prime labeling for graph G. That is, the graph
obtained by duplicating arbitrary vertex of cycle Cn is a prime graph. 
Illustration 6.4.5. Consider a graph G obtained by duplicating a vertex v1 in cycle C7.
The prime labeling is as shown in Figure 6.3.
Figure 6.3
Theorem 6.4.6. The switching of any vertex in cycle Cn produces a prime graph.
Proof. Let G = Cn and v1, v2, . . . , vn be the successive vertices of Cn and Gv denotes the
graph obtained by vertex switching of G with respect to the vertex v. It is obvious that
|V(Gv)| = n. Without loss of generality we initiate the labeling from v1 and proceed in
the clockwise direction. Define labeling f : V(Gv)→ {1, 2, . . . , n} as
f (vi) = i; 1 ≤ i ≤ n
Then for any edge e = viv j ∈ Gv, gcd( f (vi), f (v j)) = 1.
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Thus f is a prime labeling and consequently Gv is a prime graph. That is, the switch-
ing of any vertex in cycle Cn produces a prime graph. 
Illustration 6.4.7. Consider a graph G obtained by switching the vertex v1 of cycle C9.
The corresponding prime labeling is shown in Figure 6.4.
Figure 6.4
Theorem 6.4.8. The graph obtained by joining two copies of cycle Cn by a path Pk is a
prime graph except odd n and even k.
Proof. Let G be the graph obtained by joining two copies of cycle Cn by a path Pk. Let
u1, u2, . . . , un be the vertices of first copy of cycle Cn and v1, v2, . . . , vn be the vertices of
second copy of cycle Cn. Let w1,w2, . . . ,wk be the vertices of path Pk with u1 = w1 and
v1 = wk. We note that |V(G)| = 2n + k − 2 and |E(G)| = 2n + k − 1.
To define labeling f : V(G) → {1, 2, . . . , 2n, 2n + 1, . . . , 2n + k − 2} we consider
following cases.
Case 1. If n ≡ 0(mod2)
f (ui) = i; 1 ≤ i ≤ n
f (v1) = 2n;
f (vi) = n + i − 1; 1 < i ≤ n
f (w j) = 2n + k − j; 1 < j < k
Case 2. If n ≡ 1(mod2)
Subcase I k ≡ 0(mod2)
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In this case |α(G)| = n− 1 + k−22 and |V(G)| = 2n + k− 2 therefore |α(G)| < b |V(G)|2 c. Then
as proved by Fu and Huang[18] the graph is not a prime graph.
Subcase II k ≡ 1(mod2)
Subcase II-A If gcd(2n, 2n + k − 2) = 1
f (ui) = i; 1 ≤ i ≤ n
f (v1) = 2n + 1,
f (vi) = n + i − 1; 2 ≤ i ≤ n
f (w2) = 2n,
f (w j) = 2n + k − j + 1; 2 < j < k
Subcase II-B If gcd(2n, 2n + k − 2) , 1
(I) If n , 3m where m ∈ N then
In this case define labeling as follows.
f (ui) = i; 1 ≤ i ≤ n i , 2
f (u2) = 2n
f (v1) = 2n + 1;
f (vi) = n + i − 1; 2 ≤ i ≤ n
f (w2) = 2
f (w j) = 2n + k − j + 1; 2 < j < k
(II) If n = 3m where m ∈ N then
In this case define labeling as follows.
f (ui) = i; 1 ≤ i ≤ n
f (v1) = 2n + 1,
f (vi) = n + i − 1; 2 ≤ i ≤ n
f (w2) = 2n,
f (w j) = 2n + k − j + 1; 2 < j < k
Now interchange the label of w3 with any odd label of either path or second copy
of cycle such that greatest common divisor of every edge of the graph G is 1.
Thus function defined above provides prime labeling for graph G. That is, the
graph obtained by joining two copies of cycle Cn by a path Pk is a prime graph except
odd n and even k. 
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Illustration 6.4.9. Consider a graph G obtained by joining two copies of cycle C10 by
a path P3. It is the case related to n ≡ 0(mod2) and k ≡ 1(mod2) in Figure 6.5.
Figure 6.5
6.5 Middle Graph of Some Graphs and Prime Labeling
Theorem 6.5.1. The middle graph M(Pn) of path Pn admits prime labeling.
Proof. Let Pn be the path of length n − 1 with vertices u1, u2, . . . , un. Let v j = u ju j+1
for 1 ≤ j ≤ n − 1 be the edges of path Pn. Let G be the middle graph of path Pn.
Here V(G) = V(M(Pn)) = {ui, v j/1 ≤ i ≤ n, 1 ≤ j ≤ n − 1} and E(G) = E(M(Pn)) =
{v jv j+1, uivi, viui+1/1 ≤ i ≤ n − 1, 1 ≤ j ≤ n − 2}. Here we note that |V(G)| = 2n − 1 and
|E(G)| = 3n − 4.
We define labeling f : V(G)→ {1, 2, . . . , 2n − 1, 2n} as follows.
f (u1) = 2n − 1;
f (ui) = 2i − 2; 1 < i ≤ n
f (v j) = 2i − 1; 1 < i ≤ n
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Then for any edge e = v jv j+1 or e = uivi or e = viui+1 ∈ G, gcd( f (v j), f (v j+1)) =
gcd( f (ui), f (vi)) = gcd( f (vi), f (ui+1)) = 1.
Thus function defined above provides prime labeling for graph G. That is, the middle
graph M(Pn) of path Pn admits prime labeling. 
Illustration 6.5.2. Consider middle graph M(P4) of path P4. The prime labeling is
shown Figure 6.6.
Figure 6.6
Theorem 6.5.3. The middle graph M(Cn) of cycle Cn admits prime labeling.
Proof. Let Cn be the cycle with vertices u1, u2, . . . , un. Let vi = uiui+1 for 1 ≤ i ≤ n−1 be
the edges of cycle Cn. Let G be the middle graph of cycle Cn. Here V(G) = V(M(Cn)) =
{ui, vi/1 ≤ i ≤ n} and E(G) = E(M(Cn)) = {vivi+1, uivi, viui+11 ≤ i ≤ n − 1}. Here we
note that |V(G)| = 2n and |E(G)| = 3n.
We define labeling f : V(G)→ {1, 2, . . . , 2n} as follows.
f (ui) = 2i; 1 < i ≤ n
f (vi) = 2i − 1; 1 < i ≤ n
Then for any edge e = vivi+1 or e = uivi or e = viui+1 ∈ G, gcd( f (vi), f (vi+1)) =
gcd( f (ui), f (vi)) = gcd( f (vi), f (ui+1)) = 1.
Thus function defined above provides prime labeling for graph G. That is, the middle
graph M(Cn) of cycle Cn admits prime labeling. 
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Illustration 6.5.4. Consider middle graph M(C3) of cycle C3 and its prime labeling is
shown Figure 6.7.
Figure 6.7
6.6 Conclusion and Scope
The prime numbers have attracted many researchers due to their scattered appear-
ance on the number line. This behaviour has also attracted graph theorists to explore
the field of prime graphs. As every graph is not a prime graphs, it is very interesting as
well as challenging to investigate graph or graph families which admit prime labeling.
Here we have investigated six results on prime labeling.
The next chapter is devoted to the discussion of mean labeling of graphs.
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7.1 Introduction
In this chapter we investigate three new results on the concept of mean labeling of
graphs.
7.2 Mean Labeling
Definition 7.2.1. A function f is called a mean labeling of a graph G if f : V(G) →
{0, 1, 2, . . . , q} is injective and the induced function f ∗ : E(G)→ {1, 2, . . . , q} defined as
f ∗(e = uv) = f (u)+ f (v)2 ; if f (u) + f (v) is even
=
f (u)+ f (v)+1
2 ; if f (u) + f (v) is odd
is bijective. A graph which admits mean labeling is called a mean graph.
In the Figure 7.1 cycle C5 and its mean labeling is shown.
Figure 7.1
7.3 Some Existing Results on Mean Labeling
Somasundaram and Ponraj[37, 46–49] have introduced the notion of mean labeling
and they proved that
• Pn is a mean graph for any n ∈ N.
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• Cn is a mean graph for any n ∈ N.
• K2,n is a mean graph for any n ∈ N.
• Cm ∪ Pn is a mean graph for any m, n ∈ N.
• Pm × Pn is a mean graph for any m, n ∈ N.
• Pm ×Cn is a mean graph for any m, n ∈ N.
• Kn is a mean graph if and only if n < 3.
• K1,n is a mean graph if and only if n < 3.
• Bistars Bm,n is a mean graph if and only if m < n + 2.
• The subdivision graph of the star K1,n is a mean graph if and only if n < 4.
• The wheel Wn is not a mean graph for n > 3.
Vaidya and Lekha[57] have proved that
• The graph obtained by duplicating an arbitrary vertex of cycle Cn admits mean
labeling.
• The graph obtained by duplicating an arbitrary edge in cycle Cn is a mean graph.
• The joint sum of two copies of cycle Cn admits mean labeling.
• Fusion of two vertices vi and v j (where d(vi, v j) ≥ 3) in cycle Cn produces a mean
graph.
Chapter 7. Mean Labeling 106
7.4 Some New Mean Graphs
Theorem 7.4.1. The graph obtained by the path union of k copies of cycle Cn is a mean
graph.
Proof. Let G be the path union of cycle Cn and G1,G2, . . . ,Gk be k copies of the cycle
Cn. Let us denote the successive vertices of the graph Gi by ui1, ui2, . . . , uin. Let ei =
ui1u(i+1)1 be the edge joining Gi and Gi+1 for i = 1, 2, . . . , k−1. We note that |V(G)| = nk
and |E(G)| = nk + k − 1.
To define mean labeling f : V(G)→ {0, 1, 2, . . . , nk+(k−1)}we consider following
cases.
Case 1. If n ≡ 0(mod2)
f (ui j) = in + (i − 1); i f j = 1
f (ui j) = 2(n − j) + 3 + ( i2 − 1)(2n + 2); 2 ≤ j ≤ n2 + 1
= 2 j + ( i2 − 1)(2n + 2); n2 + 1 < j ≤ n

i
even
f (ui j) = (i − 1)(n + 1); i f j = 1
f (ui j) = (2 j − 1) + ( i+12 ) − 1)(2n + 2); 2 ≤ j ≤ n2
= 2(n − j + 1) + ( i+12 − 1)(2n + 2); n2 < j ≤ n

i
odd
Case 2. If n ≡ 1(mod2)
f (ui j) = in + (i − 1); i f j = 1
f (ui j) = 2(n − j) + 3 + ( i2 − 1)(2n + 2); 2 ≤ j ≤ n−12
= 2 j + ( i2 − 1)(2n + 2); n−12 < j ≤ n

i
even
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f (ui j) = (i − 1)(n + 1); i f j = 1
f (ui j) = (2 j − 1) + ( i+12 − 1)(2n + 2)
where 2 ≤ j ≤ n+12
= 2(n − j + 1) + ( i+12 − 1)(2n + 2)
where n+12 < j ≤ n

i
odd
The labeling pattern defined above covers all the possibilities and in each case the
graph G under consideration admits mean labeling. That is, the graph obtained by the
path union of k copies of cycle Cn is a mean graph. 
Illustration 7.4.2. Consider a graph G obtained by path union of three copies of cycle
C7. It is the case related to n ≡ 1(mod2). The mean labeling is as shown in Figure 7.2.
Figure 7.2
Theorem 7.4.3. The graph obtained by joining two copies of cycle Cn by a path Pk is a
mean graph.
Proof. Let G be the graph obtained by joining two copies of cycle Cn by a path Pk. Let
u1, u2, . . . , un be the vertices of first copy of cycle Cn and v1, v2, . . . , vn be the vertices of
second copy of cycle Cn. Let w1,w2, . . . ,wk be the vertices of path Pk with u1 = w1 and
v1 = wk. We note that |V(G)| = 2n + k − 2 and |E(G)| = 2n + k − 1.
To define mean labeling f : V(G) → {1, 2, . . . , 2n, 2n + 1, . . . , 2n + k − 1} we
consider following cases.
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Case 1. If n ≡ 0(mod2)
Subcase I k ≡ 0(mod2)
f (u1) = 0;
f (ui) = 2i − 1; 1 < i ≤ n2
= 2(n − i + 1); n2 < i ≤ n
f (v1) = 2n + 1;
f (vi) = 2(n − i) + 3; 1 < i ≤ n2 + 1
= 2i; n2 + 1 < i ≤ n
f (w j) = 2(n + j − 1); 1 < j ≤ k2
= 2(n + k − j) + 1; k2 < j < k
Subcase II k ≡ 1(mod2)
f (u1) = 0;
f (ui) = 2i − 1; 1 < i ≤ n2
= 2(n − i + 1); n2 < i ≤ n
f (v1) = 2n + 1;
f (vi) = 2(n − i) + 3; 1 < i ≤ n2 + 1
= 2i; n2 + 1 < i ≤ n
f (w j) = 2(n + j − 1); 1 < j ≤ k+12
= 2(n + k − j) + 1; k+12 < j < k
Case 2. If n ≡ 1(mod2)
Subcase I k ≡ 0(mod2)
f (u1) = 0;
f (ui) = 2i − 1; 1 < i ≤ n+12
= 2(n − i + 1); n+12 < i ≤ n
f (v1) = 2n + 1;
f (vi) = 2(n − i) + 3; 1 < i ≤ n−12
= 2(n − i + 2); n−12 < i ≤ n+32
= 2i; n+32 < i ≤ n
f (w j) = 2(n + j − 1); 1 < j ≤ k2
= 2(n + k − j) + 1; k2 < j < k
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Subcase II k ≡ 1(mod2)
f (u1) = 0;
f (ui) = 2i − 1; 1 < i ≤ n+12
= 2(n − i + 1); n+12 < i ≤ n
f (v1) = 2n + 1;
f (vi) = 2(n − i) + 3; 1 < i ≤ n−12
= 2(n − i + 2); n−12 < i ≤ n+32
= 2i; n+32 < i ≤ n
f (w j) = 2(n + j − 1); 1 < j ≤ k+12
= 2(n + k − j) + 1; k+12 < j < k
The labeling pattern defined above covers all the possibilities and in each case
the graph G under consideration admits mean labeling. That is, the graph obtained by
joining two copies of cycle Cn by a path Pk is a mean graph. 
Illustration 7.4.4. Consider a graph G obtained by joining two copies of cycle C10 by
a path P3. It is the case related to n ≡ 0(mod2) and k ≡ 1(mod2). The corresponding
mean labeling is shown in Figure 7.3.
Figure 7.3
Theorem 7.4.5. The graph obtained by arbitrary supersubdivision of any path Pn of
length n − 1 is a mean graph.
Proof. Let Pn be the path of length n − 1 with vertices v1, v2, v3, . . . , vn. Let ei denote
the edge vivi+1 of the path Pn for 1 ≤ i ≤ n − 1.
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Let G be a graph obtained by arbitrary supersubdivision of path Pn That is, for
1 ≤ i ≤ n − 1 each edge ei of the path Pn is replaced by a complete bipartite graph
K2,mi where mi is any positive integer. Let ui j be the vertices which are used for arbitrary
supersubdivision where 1 ≤ i ≤ n − 1, 1 ≤ j ≤ mi. We note that |V(G)| = m1 + m2 +
. . . + mn−1 + n and |E(G)| = 2(m1 + m2 + . . . + mn−1).
Let us define mean labeling f : V(G) → {0, 1, 2, . . . , 2(m1 + m2 + . . . + mn−1)} as
follows.
f (v1) = 0
f (vi) = 2(m1 + m2 + . . . + mi−1) − 1; 1 < i ≤ n
f (ui j) = 2 j; i = 1
f (ui j) = f (vi) + 2 j + 1; 1 < i < n, 1 ≤ j ≤ mi
The labeling pattern defined above covers all the possibilities and in each one the
graph G under consideration admits mean labeling. That is, the graph obtained by
arbitrary supersubdivision of any path Pn of length n − 1 is a mean graph. 
Illustration 7.4.6. In the Figure 7.4. the arbitrary supersubdivision of P4 and its mean
labeling is shown, where m1 = 2 , m2 = 3 and m3 = 4.
Figure 7.4
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7.5 Conclusion and Scope
Shee and Ho[45] have discussed cordial labeling for the path union of various
graphs. Vaidya et al.[55, 56, 58] have also discussed cordial labeling in the context of
path union of various graphs while we discuss here mean labeling in the context of path
union of cycle. Sethuraman and Selvaraju[44] have discussed graceful labeling of paths
in the context of arbitrary supersubdivision while we prove that arbitrary supersubdivi-
sion of path Pn admits mean labeling. We conclude this chapter as well as thesis with
the following open problems.
1. Is it possible that every connected graph has at least one arbitrary supersubdivi-
sion which is mean graph?
2. Are there any other graphs whose arbitrary supersubdivision are mean graphs?
3. Is it possible to derive similar results in the context of various labeling techniques?
The content of this chapter give rise to following research paper.
1. Some new mean graphs, International Journal of Information Science and Com-
puter Mathematics, 1(1) (2010), 73-80. (www.pphmj.com)
The reprint of above research paper is provided in annexure.
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List of Symbols
|B| Cardinality of set B.
CHn Closed helm on n vertices.
Cn Cycle with n vertices.
d(v) or deg(v) or dG(v) Degree of a vertex v of graph G.
D2(G) Shadow graph of the graph G.
E(G) or E Edge set of graph G.
e f (n) Number of edges with edge label n.
fn Fan on n vertices.
Fn Friendship graph with n vertices.
G∗ Star of a graph G.
G(n) one point union of n copies of graph G.
G = (V(G), E(G)) A graph G with vertex set V(G) and edge set E(G).
G[U] Subgraph of G induced by subset U of G.
Gv Graph obtained by switching of vertex v in graph G.
G ∪ H Union of two graphs G and H.
G + H Join of two graphs G and H.
G × H Cartesian product of graphs G and H.
G − e Graph G with one edge deleted.
G − v Graph G with one vertex deleted.
Hn Helm on n vertices.
Kn Complete graph on n vertices.
Km,n Complete bipartite graph.
Ln Ladder graph Pn × P2.
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List of Symbols 118
M(G) Middle graph of graph G.
N(v) Open neighbourhood of vertex v.
N[v] Closed neighbourhood of vertex v.
Pn Path graph on n vertices.
P(n, k) Generalized Petersen graph.
Pt(u, v) t-ply.
S (G) Barycentric subdivision of graph G.
S n Shell on n vertices.
T Tree.
T (G) Total graph of graph G.
T (n, l) Tadpole with cycle Cn and path Pl.
v f (n) Number of vertices with vertex label n.
V(G) or V Vertex set of graphs G.
Wn Wheel on n vertices.
Zn Group of modulo n.
dne Least integer not less than real number n (Ceiling of n).
bnc Greatest integer not greater than real number n (Floor of n).
α(G) Independence number of a graph G.
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Abstract
A new graph is introduced which is denoted as Cn(Cn). It is the
graph obtained by taking barycentric subdivision of cycle and joining
each newly inserted vertices of two incident edges by an edge. The graph
obtained by this procedure will look like Cn inscribed in Cn. We derive
three results concern to this graph.
Mathematics Subject Classification: 05C78
Keywords: Cordial labeling, Cordial graphs, Barycentric Subdivision
1 Introduction
We begin with simple, finite, connected and undirected graph G =
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(V,E). Here elements of sets V and E are known as vertices and edges re-
spectively. In the present work Cn denotes cycle with n vertices. For all other
terminology and notations we follow Gross and Yellen[10]. We will give brief
summary of definitions which are useful for the present investigations.
Definition 1.1. If the vertices of the graph are assigned values subject to
certain conditions is known as graph labeling.
Most interesting graph labeling problems have three important character-
istics.
• a set of numbers from which the labels are chosen ;
• a rule that assigns a value to each edges ;
• a condition that these values must satisfy.
For detail survey on graph labeling one can refer Gallian[6]. Vast amount
of literature is available on different types of graph labeling. According to
Beineke and Hegde[4] graph labeling serves as a frontier between number the-
ory and structure of graphs.
Definition 1.2. Let G = (V,E) be a graph. A mapping f : V (G) → {0, 1}
is called binary vertex labeling of G and f(v) is called the label of the vertex v
of G under f .
For an edge e = uv, the induced edge labeling f ∗ : E(G)→ {0, 1} is given
by f ∗(e) = |f(u) − f(v)|. Let vf (0), vf (1) be the number of vertices of G
having labels 0 and 1 respectively under f and let ef (0), ef (1) be the number
of edges having labels 0 and 1 respectively under f ∗.
Definition 1.3. A binary vertex labeling of a graph G is called a cordial
labeling if |vf (0)− vf (1)| ≤ 1 and |ef (0)− ef (1)| ≤ 1. A graph G is cordial if
it admits cordial labeling.
The concept of cordial labeling was introduced by Cahit[2].
Many researchers have studied cordiality of graphs. e.g.Cahit [3] proved
that every tree is cordial. In the same paper he proved that Kn is cordial if
and only if n ≤ 3. Ho et al. proved that unicyclic graph is cordial unless
it is C4k+2. Andar et al.[1] discussed cordiality of multiple shells. Vaidya et
al.[7, 8, 9] have also discussed the cordiality of various graphs.
Definition 1.4. Let G = (V,E) be a graph. Let e = uv be an edge of G and
w is not a vertex of G. The edge e is subdivided when it is replaced by edges
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e
′
= uw and e
′′
= wv.
Definition 1.5. Let G = (V,E) be a graph.If every edge of graph G is sub-
divided,then the resulting graph is called barycentric subdivision of graph G.
In other words barycentric subdivision is the graph obtained by inserting a
vertex of degree 2 into every edge of original graph.
Definition 1.6. Consider barycentric subdivision of cycle Cn and join each
newly inserted vertices of incident edges by an edge. We denote the new graph
by Cn(Cn) as it look like Cn inscribed in Cn.
Definition 1.7. Let graphs G1, G2, ....., Gn, n ≥ 2 be all copies of a fixed
graph G. Adding an edge between Gi to Gi+1 for i = 1, 2, ...., n − 1 is called
the path union of G.
Shee and Ho [5] proved that the path union of cycles, Petersen graphs,
trees, wheels, unicyclic graphs are cordial.
In the present investigations we discuss the cordiality of Cn(Cn) and cor-
diality of path union of Cn(Cn) . In addition to this we prove that the graph
obtained by joining two copies of Cn(Cn) by a path of arbitrary length is cor-
dial.
2 Main Results
Theorem 2.1. Cn(Cn) is cordial except n ≡ 2(mod4).
Proof. Let u1, u2, . . . , un be the vertices of the cycle Cn and u
′
1, u
′
2, . . . , u
′
n
be the newly inserted vertices to obtain barycentric subdivision of cycle Cn.
To define binary vertex labeling f : V (Cn(Cn))→ {0, 1} following cases are to
be considered.
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Case 1 n ≡ 0, 1, 3(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
Case 2 n ≡ 2(mod4)
In this case the graph Cn(Cn) is an Eulerian graph with number of edges
e ≡ 2(mod4) . As proved by Cahit [3] an Eulerian graph with number of edges
e ≡ 2(mod4) is not cordial.
The labeling pattern defined above covers all possible arrangement of ver-
tices. In each possibilities the graph under consideration satisfies the conditions
for cordiality as shown in Table 2.1. i.e Cn(Cn) admits cordial labeling.
Let n = 4a+ b, where a ∈ N
Table 2.1 Table showing vertex conditions and edge conditions.
Illustration 2.2. For better understanding of the above defined labeling
pattern, consider the graph C5(C5). The labeling is shown in Figure 2.1.
(The hollow vertices are newly inserted vertices for barycentric subdivision of
C5 .)
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1
1
1
1
1
1
0
0
0
0
0
Figure 2.1 Cordial labeling for C5(C5) .
Theorem 2.3. The path union of finite copies Cn(Cn) is cordial.
Proof. Let G be the path union of k copies of Cn(Cn) .Let G1, G2, ..., Gk be k
copies of cycle Cn and G
′
1, G
′
2, ..., G
′
k be k copies of cycle which are obtained by
joining each newly inserted vertices of adjacent edges by an edge. Next denote
the successive vertices of Gi by ui1, ui2, ..., uin and corresponding vertices of
G′i by u
′
i1, u
′
i2, ..., u
′
in. Let ei = ui1u(i+1)1 be the edge joining i
th copy and
(i+ 1)th copy of Cn(Cn) for i = 1, 2, . . . , k−1. To define binary vertex labeling
f : V (G)→ {0, 1} following cases are to be considered.
Case 1 n ≡ 0(mod4)
f(uij) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n, i ≡ 1, 2(mod4)
f(uij) = 0; for j ≡ 0, 2(mod4)
= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4) ,1 ≤ j ≤ n, i ≡ 0, 3(mod4)
Case 2 n ≡ 1(mod4)
f(uij) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n, i ≡ 0, 1, 2, 3(mod4)
Case 3 n ≡ 2(mod4)
f(uij) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n , i = 1
f(uij) = 0; for j ≡ 0, 2(mod4)
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= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ n− 2,
f(u
′
in−1) = 0, f(u
′
in) = 1; i 6= 1 i ≡ 1(mod4)
f(uij) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n− 2
f(u
′
i(n−1)) = 0, f(u
′
in) = 1, i ≡ 2(mod4)
f(uij) = 0; for j ≡ 1, 3(mod4)
= 1; forj ≡ 0, 2(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n− 1
f(u
′
in) = 0, i ≡ 3(mod4)
f(uij) = 0; for j ≡ 0, 2(mod4)
= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4)
f(u
′
in−1) = 1, f(u
′
in) = 0; for 1 ≤ j ≤ n− 2, i ≡ 0(mod4)
Case 4 n ≡ 3(mod4)
f(uij) = 0; for j ≡ 1, 3(mod4)
= 1; for j ≡ 0, 2(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 0, 3(mod4)
= 1; for j ≡ 1, 2(mod4), 1 ≤ j ≤ n, i ≡ 1, 3(mod4)
f(uij) = 0; for j ≡ 0, 2(mod4)
= 1; for j ≡ 1, 3(mod4), 1 ≤ j ≤ n
f(u
′
ij) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ n, i ≡ 0, 2(mod4)
The labeling pattern defined above covers all the possibilities. In each case
the graph under consideration satisfies the conditions for cordiality as shown
in Table 2.2. i.e G admits cordial labeling.
Let n = 4a+ b, k = 4c+ d where a, c ∈ N
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Table 2.2 Table showing vertex conditions and edge conditions.
Illustration 2.4 For better understanding of the above defined labeling pat-
tern consider the path union of three copies of C7(C7) . The labeling is shown
in Figure 2.2. ( The hollow vertices are newly inserted vertices for barycentric
subdivision of C7 .)
0
0
0
1
1 1
1
0
0
100
1
1
1
1
0
1
1
1 0
1
1
0
001
1
0
1
0
0
0
1
1 1
1
0
0
100
1
1
1
Figure 2.2 Cordial labeling for path union of three copies of C7(C7).
Theorem 2.5. The graph G obtained by joining two copies of Cn(Cn) by a
path of arbitrary length is cordial.
Proof. Let G be the graph obtained by joining two copies of Cn(Cn) by a
path of arbitrary length k − 1. Let u1, u2, . . . , un be the vertices of cycle Cn
and u
′
1, u
′
2, ...u
′
n be the corresponding vertices of the cycle which is obtained by
joining newly inserted vertices of adjacent edges in cycle Cn. Next denote the
corresponding vertices in second copy of Cn(Cn) by v1, v2, ...vn and v
′
1, v
′
2, . . . v
′
n
respectively. Let w1, w2, . . . , wk be the vertices of path Pk with u1 = w1 and
v1 = wk. To define binary vertex labeling f : V (G) → {0, 1} following cases
are to be considered.
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Case 1 n ≡ 0(mod4)
Subcase 1 k ≡ 0(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 3
f(wk−2) = 1, f(wk−1) = 0, f(wk) = 1
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase 2 k ≡ 1(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 2
f(wk−1) = 0, f(wk) = 1
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase 3 k ≡ 2, 3(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 2
f(wk−1) = 0, f(wk) = 1
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
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Case 2 n ≡ 1(mod4)
Subcase 1 k ≡ 0(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase 2 k ≡ 1(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 1
f(wk) = 1
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase 3 k ≡ 2(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 0, 1(mod4)
= 1; for j ≡ 2, 3(mod4), 1 ≤ j ≤ k − 1
f(wk) = 0
f(vi) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
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Subcase 4 k ≡ 3(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k
f(vi) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
Case 3 n ≡ 2(mod4)
Subcase 1 k ≡ 0(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n− 1
f(u
′
n) = 0
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n− 2
f(v
′
n−1) = 1, f(v
′
n) = 0
Subcase 2 k ≡ 1, 2(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(u
′
n) = 0
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k
f(vi) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
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f(v
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n− 2
f(v
′
n−1) = 0, f(v
′
n) = 1
Subcase 3 k ≡ 3(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n− 1
f(u
′′
n) = 0
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 2
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n− 2
f(v
′
n−1) = 1, f(v
′
n) = 0
Case 4 n ≡ 3(mod4)
Subcase 1 k ≡ 0(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n− 1
f(u
′
n) = 0
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 3
f(wk−2) = 1, f(wk−1) = 0, f(wk) = 1
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
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f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase 2 k ≡ 1, 2(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n− 1
f(u
′
n) = 0
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 2
f(wk−1) = 0, f(wk) = 1
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
Subcase 3 k ≡ 3(mod4)
f(ui) = 0; for i ≡ 1, 3(mod4)
= 1; for i ≡ 0, 2(mod4), 1 ≤ i ≤ n
f(u
′
i) = 0; for i ≡ 0, 3(mod4)
= 1; for i ≡ 1, 2(mod4), 1 ≤ i ≤ n
f(wj) = 0; for j ≡ 1, 2(mod4)
= 1; for j ≡ 0, 3(mod4), 1 ≤ j ≤ k − 2
f(wk−1) = 1, f(wk) = 0
f(vi) = 0; for i ≡ 0, 2(mod4)
= 1; for i ≡ 1, 3(mod4), 1 ≤ i ≤ n
f(v
′
i) = 0; for i ≡ 1, 2(mod4)
= 1; for i ≡ 0, 3(mod4), 1 ≤ i ≤ n
The labeling pattern defined above covers all the possibilities. In each case
the graph under consideration satisfies the conditions for cordiality as shown
in Table 2.3. i.e G admits cordial labeling.
Let n = 4a+ b, k = 4c+ d where a²N ,c²N
⋃{0}
Cordial graphs 1491
Table 2.3 Table showing vertex conditions and edge conditions.
Illustration 2.6. For better understanding of the above defined labeling
pattern consider a graph obtained by joining two copies of C6(C6) by a path
P5(It is the case related with k ≡ 1(mod4)). The labeling pattern is shown in
Figure 2.3. ( The hollow vertices are newly inserted vertices for barycentric
subdivision of C6 .)
1
1
1
1
1
1
0
0
0
0 0
0
1
1
1
1
0
1
0
1
0
0 0
0
0 1 1
Figure 2.3 Two copies of C6(C6) joined by P5 and its cordial labeling
3 Concluding Remarks
We discuss here cordial labeling for the newly introduced graph. An effort
has been made to discuss cordial labeling in the context of graph operation
namely barycentric subdivision. The results reported here are new and having
potential to provide motivation to investigate analogous results for different
types of labeling.
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Abstract 
We investigate here mean labeling for some cycle related graphs. We also 
discuss mean labeling in the context of arbitrary supersubdivision of path 
.nP  
1. Introduction 
We begin with finite, connected and undirected graph ( ) ( )( )GEGVG ,=  
without loops and multiple edges. Here elements of sets ( )GV  and ( )GE  are known 
as vertices and edges, respectively. In the present work, nC  denotes cycle with n 
vertices and nP  denotes the path of the length .1−n  If 1V  and 2V  are two 
partitions corresponding to a complete bipartite graph ,, nmK  then 1V  is called 
m-vertices part and 2V  is called n-vertices part of ., nmK  For all other terminology 
and notations, we follow Gross and Yellen [2]. We will give brief summary of 
definitions which are useful for the present investigations. 
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Definition 1.1. If the vertices of graph are assigned values subject to certain 
conditions, then it is known as graph labeling. 
For detail survey on graph labeling one can refer to Gallian [1]. Enough 
literature is available in printed and electronic form on different types of graph 
labeling and more than 1000 research papers have been published so far in past four 
decades. Graph labeling is the important field of research due to its diversified 
applications. Labeled graph plays vital role to determine optimal circuit layouts for 
computers and for the representation of compressed data structure. 
Definition 1.2. A function f is called a mean labeling of a graph G if 
( )∗
{ }q...,,2,1  defined as 
evenisif;2 vfufvfufuvef ++==∗  
( ) ( )( )( ) ( ) ( ) oddisif;21 vfufvfuf +++=  
is bijective. A graph which admits mean labeling is called mean graph. 
The mean labeling was introduced by Somasundaram and Ponraj [5]. In the 
same paper, they provide mean labeling for various graph families like path, cycle, 
complete bipartite graph, grid graphs, etc. The same authors in [6, 7] proved that the 
subdivision of star nK ,1  for 4<n  admits mean labeling and the wheel graph nW  is 
not a mean graph for .3>n  
Definition 1.3. Let G be a graph. Then a graph H is called a supersubdivision of 
G if H is obtained from G by replacing every edge ie  of G by a complete bipartite 
graph imK ,2  (for some im  and )1 qi ≤≤  in such a way that the ends of each ie  
are merged with the two vertices of 2-vertices part of imK ,2  after removing the edge 
ie  from graph G. 
Definition 1.4. A supersubdivision H of G is said to be an arbitrary 
supersubdivision of G if every edge of G is replaced by an arbitrary ,,2 mK  where m 
may vary for each edge arbitrarily. 
Definition 1.5 [3]. Let ,...,,, 21 nGGG  2≥n  be n copies of a fixed graph G. 
f : V ( )G → {0    , 1 , 2, ..., q } i   s injective and the induced function f : E G →  
(           )     ((  (   )      (   ))   )            (   )      (   )
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Then the graph obtained by adding an edge between iG  and 1+iG  for =i  
1...,,2,1 −n  is called the path union of G. 
In the present work, we prove that the graph obtained by path union of cycle 
nC  is a mean graph and the graph obtained by joining two copies of cycle nC  by a 
path of arbitrary length is also a mean graph. In addition to this we prove that the 
graph obtained by arbitrary supersubdivision of the path nP  is a mean graph. 
2. Main Results 
Theorem 2.1. The graph obtained by the path union of finite number of copies 
of cycle nC  is a mean graph. 
Proof. Let G be the path union of cycle nC  and kGGG ...,,, 21  be k copies of 
the cycle .nC  Then we note that ( ) ( ).1−+= knkGE  Let us denote the 
successive vertices of the graph iG  by ....,,, 21 inii uuu  Let ( )111 += iii uue  be the 
edge joining iG  and 1+iG  for .1...,,2,1 −= ki  
To define mean labeling ( ) ( ){ },1...,,2,1,0: −+→ knkGVf  following cases 
are in our consideration. 
Case 1. If ( ),2mod0≡n  then 
( ) ( )
( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( )
,
22;22122
122;221232
,1if;1
even
i
njnnij
njnijnuf
jiinuf
ij
ij
⎪⎭
⎪⎬
⎫
≤≤++−+=
+≤≤+−++−=
=−+=
 
( ) ( ) ( )
( ) ( ) ( )( )( ) ( )
( ) ( )( )( ) ( ) ( )
.
12;2212112
22;2212112
,1if;11
odd
i
njnnijn
njnijuf
jniuf
ij
ij
⎪⎭
⎪⎬
⎫
≤≤++−+++−=
≤≤+−++−=
=+−=
 
Case 2. If ( ),2mod1≡n  then 
( ) ( )
( ) ( ) ( ) ( )( ) ( )( )
( ) ( ) ( )( )
,
21;22122
212;221232
,1if;1
even
i
njnnij
njnijnuf
jiinuf
ij
ij
⎪⎭
⎪⎬
⎫
≤≤++−+=
−≤≤+−++−=
=−+=
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( ) ( ) ( )
( ) ( ) ( )( )( ) ( ) ( )
( ) ( )( )( ) ( )( ) ( )( )
.
121where2212112
212where2212112
,1if;11
odd
i
njnnijn
njnijuf
jniuf
ij
ij
⎪⎭
⎪⎬
⎫
≤≤+++−+++−=
+≤≤+−++−=
=+−=
 
Thus we proved that the graph G under consideration admits mean labeling and 
consequently, it is a mean graph. 
Illustration 2.2. Consider a graph G obtained by path union of three copies of 
cycle .6C  It is the case related to ( ).2mod0≡n  The mean labeling is as shown in 
Figure 1. 
 
Figure 1 
Theorem 2.3. The graph obtained by joining two copies of cycle nC  by a path 
kP  is a mean graph. 
Proof. Let G be the graph obtained by joining two copies of cycle nC  by a path 
.kP  Let nuuu ...,,, 21  be the vertices of first copy of cycle nC  and nvvv ...,,, 21  be 
the vertices of second copy of cycle .nC  Let kwww ...,,, 21  be the vertices of path 
kP  with 11 wu =  and .1 kwv =  We note that ( ) .12 −+= knGE  
To define mean labeling ( ) { }12...,,12,2...,,2,1: −++→ knnnGVf  
following cases are to be considered. 
Case 1. If ( ).2mod0≡n  
Subcase I. ( ).2mod0≡k  
( ) ;01 =uf  
( ) 21;12 niiuf i ≤<−=  
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( ) ( ) ;12;12 ninin ≤≤++−=  
( ) ;121 += nvf  
( ) ( ) ( )121;32 +≤<+−= niinvf i  
( ) ;22;2 nini ≤≤+=  
( ) ( ) 21;12 kjjnwf j ≤<−+=  
( ) ( ) .12;12 kjkjkn <≤++−+=  
Subcase II. ( ).2mod1≡k  
( ) ;01 =uf  
( ) 21;12 niiuf i ≤<−=  
( ) ( ) ;12;12 ninin ≤≤++−=  
( ) ;121 += nvf  
( ) ( ) ( )121;32 +≤<+−= niinvf i  
( ) ;22;2 nini ≤≤+=  
( ) ( ) ( )( )211;12 +≤<−+= kjjnwf j  
( ) ( )( ) .23;12 kjkjkn <≤++−+=  
Case 2. If ( ).2mod1≡n  
Subcase I. ( ).2mod0≡k  
( ) ;01 =uf  
( ) ( ) 211;12 +≤<−= niiuf i  
( ) ( ) ;23;12 ninin ≤≤++−=  
( ) ;121 += nvf  
( ) ( ) ( )( )211;32 −≤<+−= niinvf i  
( ) ( )( ) ( ) 2321;22 +≤≤++−= ninin  
( ) ;25;2 nini ≤≤+=  
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( ) ( ) ( )21;12 kjjnwf j ≤<−+=  
( ) ( ) .12;12 kjkjkn <≤++−+=  
Subcase II. ( ).2mod1≡k  
( ) ;01 =uf  
( ) ( ) 211;12 +≤<−= niiuf i  
( ) ( ) ;23;12 ninin ≤≤++−=  
( ) ;121 += nvf  
( ) ( ) ( )( )211;32 −≤<+−= niinvf i  
( ) ( )( ) ( ) 2321;22 +≤≤++−= ninin  
( ) ;25;2 nini ≤≤+=  
( ) ( ) ( )( )211;12 +≤<−+= kjjnwf j  
( ) ( )( ) .23;12 kjkjkn <≤++−+=  
Thus we proved that the graph G obtained by joining two copies of cycle nC  by 
a path kP  is a mean graph. 
Illustration 2.4. Consider a graph G obtained by joining two copies of cycle 
8C  by a path .3P  It is the case related to ( )2mod0≡n  and ( ).2mod1≡k  The 
labeling is shown in Figure 2. 
 
Figure 2 
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Theorem 2.5. The graph obtained by arbitrary supersubdivisions of any path 
nP  of length 1−n  is a mean graph. 
Proof. Let nP  be the path of length 1−n  with vertices ....,,,, 321 nvvvv  Let 
ie  denote the edge 1+iivv  of the path nP  for .11 −≤≤ ni  
Let G be a graph obtained by arbitrary supersubdivision of ,nP  i.e., for 
11 −≤≤ ni  each edge ie  of the path nP  is replaced by a complete bipartite graph 
,,2 imK  where im  is any positive integer. Let iju  be the vertices which are used for 
arbitrary supersubdivision, where ,11 −≤≤ ni  .1 imj ≤≤  
We note that ( ) ( ).2 121 −+++= nmmmGE ?  
Let us define mean labeling ( ) ( ){ }1212...,,2,1,0: −+++→ nmmmGVf ?  
as follows: 
( ) ;01 =vf  
( ) ;1;2 == ijuf ij  
( )  
The labeling pattern defined above covers all the possibilities and in each one 
the graph G under consideration admits mean labeling, i.e., arbitrary 
supersubdivision of the path nP  is a mean graph. 
Illustration 2.6. In the following Figure 3, the arbitrary supersubdivision of 4P  
and its mean labeling is shown, where ,21 =m  32 =m  and .43 =m  
 
Figure 3 
f u = f (v  ) + 2 j + 1; 1 < i < n, 1 ≤ j ≤ m .ij     i     i
f v = 2  m + m +? + m − 1 ; 1 < i ≤ n;  (  )      ((                           )    )i  1 2 i−1
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3. Concluding Remarks 
We investigate three new results for mean graphs. Ho et al. [3] and Vaidya et al. 
[8, 9] have discussed cordial labeling in the context of path union of various graphs 
while we discuss here mean labeling in the context of path union. Sethuraman and 
Selvaraju [4] have discussed graceful labeling of paths in the context of arbitrary 
supersubdivision. In the present work, we prove that arbitrary supersubdivision of 
path nP  admits mean labeling. 
Open problems 
• It is possible to investigate similar results for other graph families. 
• It is possible to derive similar results corresponding to different graph labeling 
techniques. 
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Abstract
In this paper we discuss the product cordial labeling for some cycle related graphs. We
also investigate product cordial labeling for the graphs related to shadow graph of a
cycle.
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1. Introduction
We begin with finite, connected and undirected graph ( ( ), ( ))G V G E G without loops and 
multiple edges. Here elements of sets ( )V G and ( )E G are known as vertices and edges 
respectively. In the present work nC denotes the cycle with n vertices and nP denotes the path of 
length 1n  .  For all standard terminology and notations we follow Gross and Yellen[1]. For 
detailed survey on graph labeling we refer to A Dynamic Survey of Graph Labeling by 
Gallian[2]. We give a brief summary of definitions which are useful for the present investigation.
Definition 1.1 If the vertices of the graph are assigned values subject to certain conditions then it 
is known as graph labeling.
Definition 1.2 Let ( ( ), ( ))G V G E G be a graph. A mapping   : ( ) 0,1f V G  is called 
binary vertex labeling of G and ( )f v is called the label of the vertex  v of G under f .
For an edge e uv , the induced labeling  * : ( ) {0,1}f E G    is given by *( ) ( ) ( )f e f u f v . 
Let (0)fv ,  (1)fv be the number of vertices of  G having labels 0 and 1 respectively under f
and let (0)fe , (1)fe be the edges having labels 0 and 1 respectively under
*f .
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Definition 1.3 A binary vertex labeling of graph G is called product cordial labeling if 
(0) (1) 1f fv v  and (0) (1) 1f fe e  . A graph with a product cordial labeling is called a 
product cordial graph.
Definition 1.4 (Shee and Ho. et al [3]) Let 1 2, ,..., nG G G , 2n     be n copies of a fixed graph 
G . The graph G obtained by adding an edge between iG and 1iG  for 1, 2,..., 1i n  is called 
path union of G .
Definition 1.5 The shadow graph of a connected graph   G is constructed by taking two copies 
of  G say   'G and ''G . Join each vertex   'u in   'G to the neighbors of the corresponding 
vertex ''u in ''G . Then the graph obtained is denoted as 2 ( )D G .
The concept of product cordial labeling was introduced by Sundaram et al.[4]. They proved that 
trees, unicyclic graphs of odd order, triangular snakes, dragons and union of two path graphs are 
product cordial. They also proved that graph with p   vertices and q edges with 4p  is 
product cordial graph then 
2 1
4
p
q
 .
As every graph does not admit product cordial labeling it is very interesting to find out graphs or 
graph families which admit product cordial labeling. In the present work we prove that path 
union of k copies of cycle nC is a product cordial graph except odd k and even n and the graph 
obtained by joining two copies of cycle  nC   by a path kP of arbitrary length is a product cordial 
graph. In addition to this we prove that the graph obtained by path union of shadow graph of 
cycle is a product cordial graph except for odd k. Moreover, we prove that the graph obtained by 
joining two copies of shadow graph of cycle by a path kP is a product cordial graph.
2. Main Results
Theorem  2.1  The path union of k copies of cycle nC   is a product cordial graph except for odd 
k and even n. 
Proof. Let 1 2, ,..., kG G G be k copies of the cycle nC and G be the path union of cycle nC . Let 
us denote the successive vertices of the ith copy iG by 1 2, ,...,i i inu u u . Let 1 ( 1)1i i ie u u  be the 
edge joining iG and 1iG  for  1, 2,..., 1i k  . We note that ( )V G nk   and 
( ) ( 1)E G nk k   .
To define binary vertex labeling   : ( ) 0,1f V G  we consider the following cases.
Case 1. n is even
Subcase 1: k is even.
( ) 0; 1 , 1
2ij
k
f u j n i    
( ) 1; 1 ,
2ij
k
f u j n i k    
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In view of the above defined labeling pattern 
(0) (1)
2f f
nk
v v  and  ( 1) 2(0) 1 (1)
2f f
k n
e e
    .
Thus the graph G satisfies the condition for product cordial graph, that is G admits product 
cordial labeling when both n and k are even.
Subcase 2: k is odd
In this case we observe that the graph G under consideration is having three types of vertices 
(i) two vertices of degree three,
(ii) k-2 vertices of degree four,
(iii)  nk k vertices of degree two.
If the graph G under consideration admits product cordial labeling then it must have 
(0) (1)
2f f
nk
v v  as n is even and k is odd. It is obvious that the label of either end vertices is 0 
then the induced edge label is 0. Any pattern assigning vertex labels satisfying vertex condition 
will induce edge labels for 1nk k    number of edges in such a way that (0) (1) 2f fe e  , that 
is edge condition for product cordial graph is violated. Thus the graph under consideration is not 
a product cordial graph when n is even and k is odd.
Case 2. n is odd
Subcase 1: k is even
( ) 0; 1 , 1
2ij
k
f u j n i    
( ) 1; 1 ,
2ij
k
f u j n i k          
In view of the above defined labeling pattern (0) (1)
2f f
nk
v v  and  
( 1) 2(0) 1 (1)
2f f
k n
e e
    .
Thus the graph G satisfies the condition for product cordial graph, that is G admits product 
cordial labeling when n is odd and k is even.
Subcase 2: k   is odd
1( ) 0; 1 , 1
2ij
k
f u j n i
    
1( ) 1; 1 , 12
1 20; ,
2
ij
n
f u j
k
i
n
j n
          
  1( ) 1; 1 ,
2ij
k
f u j n i k
    
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In view of the above defined labeling pattern 1(0) 1 (1)
2f f
nk
v v
     
( 1) 2(0) 1 (1)
2f f
k n
e e
    .
Thus the graph G satisfies the condition for product cordial graph, that is G admits product 
cordial labeling when both n and k are odd.                                                             
Illustration 2.2 Consider a graph G obtained by a path union of four copies of cycle 6C . It is 
the case when both n and k are even. The product cordial labeling is shown in following Figure 
1.
Figure 1
Theorem  2.3 The graph obtained by joining two copies of cycle nC by path kP admits product 
cordial labeling.
Proof: Let G be the graph obtained by joining two copies of cycle nC by path kP . Let 
1 2, ,..., nu u u be the vertices of first copy of cycle nC and 1 2, ,..., nv v v be the vertices of second 
copy of cycle nC . Let 1 2, ,..., kw w w be the vertices of path kP with 1 1u w and 1 kv w . We note 
that ( ) 2 2V G n k     and ( ) 2 3E G n k   .
To define binary vertex labeling   : ( ) 0,1f V G  we consider the following cases.
Case 1. n ≡ 0(mod 2)
Subcase 1: k ≡ 0(mod 2)
( ) 0; 1if u i n  
( ) 1; 1if v i n  
( ) 0; 1
2j
k
f w j  
           1;
2
k
j k  
Subcase 2: k ≡ 1(mod 2)
( ) 0; 1if u i n  
( ) 1; 1if v i n  
1( ) 0; 1
2j
k
f w j
  
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           11;
2
k
j k
  
Case 2. n ≡ 1(mod 2)
Subcase 1: k ≡ 0(mod 2)
( ) 0; 1if u i n  
( ) 1; 1if v i n  
( ) 0; 1
2j
k
f w j  
           1;
2
k
j k  
Subcase 2: k ≡ 1(mod 2)
( ) 0; 1if u i n  
( ) 1; 1if v i n  
1( ) 0; 1
2j
k
f w j
  
           11;
2
k
j k
  
In view of the above defined labeling pattern the graph G under consideration admits product 
cordial labeling and in each case it satisfies the condition for product cordiality as shown in 
Table 1.
Let n = 2a+b, k = 2c+d, where a, cN
Table 1
b d vertex conditions edge conditions
0
0 vf(0) =vf(1) ef(0)=ef(1)+1
1 vf(0)+1=vf(1) ef(0)=ef(1) 
1
0 vf(0)=vf(1) ef(0)=ef(1)+1
1 vf(0)+1=vf(1) ef(0)=ef(1) 
  
Illustration 2.4 Consider a graph G obtained by joining two copies of cycle 8C by path 3P . It is 
the case related to n ≡ 0(mod 2), k ≡ 1(mod 2). The labeling is shown in Figure 2.
Figure 2
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Theorem 2.5 The path union of k copies of 2 ( )nD C is a product cordial graph except for odd k.
Proof: Let 2 ( )nD C be the shadow graph of cycle nC . Let G be the path union of k copies 
1 2, ,..., kG G G of shadow graph 2 ( )nD C . Let 1 2', ',..., 'kG G G be the first copy of cycle nC and 
1 2'', '',..., ''kG G G be the second copy of cycle nC in 2 ( )nD C . Let us denote the successive 
vertices of 'iG by 1 2', ',..., 'i i inu u u and ''iG by 1 2'', '',..., ''i i inu u u . Let  1 1 1'' ''i i ie u u  be the edge 
joining iG and 1iG  for  1, 2,..., 1i k  . 
To define binary vertex labeling   : ( ) 0,1f V G  we consider the following cases.
Case 1. k is even
( ') 0; 1
2
( '') 0; 1
ij
ij
kf u i
f u
j n
      
  
( ' ) 1;
2
( '') 1; 1
ij
ij
kf u i n
f u
j n
      
In view of the above defined labeling pattern (0) (1)f fv v nk  and  (0) 2 2f
k
e nk  , 
2(1) 2
2f
k
e nk
  .
Thus the graph G satisfies the condition for product cordial graph, that is G admits product 
cordial labeling when k is even.
Case 2. k is odd
In this case ( ) 2V G nk is even. Therefore, in order to satisfy the vertex condition for product 
cordiality  and to minimize the edge labels with label 0, we label vertices of first 1
2
k  copies of 
2 ( )nD C by 0 and last 
1
2
k  copies of 2 ( )nD C by 1. Now for the
th1
2
k  
  
copy of 2 ( )nD C , we 
label n vertices of degree four by 0 and remaining n vertices 1 then (0) (1) 2f fe e  . It is easy 
to verify that any other pattern to assign vertex labels satisfying the vertex condition will 
increase the difference between (0)fe and (1)fe .
Thus the graph G under consideration is not a product cordial graph when k is odd.             
Illustration 2.6 Consider a graph G obtained by two copies of shadow graph 2 4( )D C of cycle
4C . It is the case related to k is even. The labeling is shown in Figure 3.
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Figure 3
Theorem 2.7 The graph obtained by joining two copies of shadow graph 2 ( )nD C by a path of 
arbitrary length is a product cordial graph.
Proof: Let 2 ( )nD C be the shadow graph of cycle nC . Let G be the graph obtained by joining two 
copies of 2 ( )nD C by path kP of length k-1. Let 1 2', ',..., 'nu u u be the vertices of 'nC and 
1 2'', '',..., ''nu u u be the vertices of ''nC in first copy of 2 ( )nD C in G. Let 1 2', ',..., 'nv v v be the 
vertices of 'nC and 1 2'', '',..., ''nv v v be the vertices of ''nC in second copy of 2 ( )nD C in G. Let 
1 2, ,..., kw w w be the vertices of path kP with 1 1''u w and 1 '' kv w We note that 
( ) 4 2V G n k     and ( ) 8 3E G n k   .
To define binary vertex labeling   : ( ) 0,1f V G  we consider the following cases.
Case 1. k ≡ 0(mod 2)
( ') 0;
1
( '') 0;
i
i
f u
i n
f u
    
( ') 1;
1
( '' ) 1;
i
i
f v
i n
f v
    
( ) 0; 1
2j
k
f w j  
( ) 1;
2j
k
f w j k  
Case 2. k ≡ 1(mod 2)
( ') 0;
1
( '') 0;
i
i
f u
i n
f u
    
( ') 1;
1
( '' ) 1;
i
i
f v
i n
f v
    
1( ) 0; 1
2j
k
f w j
  
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1( ) 1;
2j
k
f w j k
  
The labeling pattern defined above exhausts all the possibilities. In each case the graph G under 
consideration satisfies the conditions for the product cordiality as shown in Table 2. That is, G is 
a product cordial graph.
Let n = 2a+b, k = 2c+d, where a, cN.
Table 2
b d vertex conditions edge conditions
0
0 vf(0) =vf(1) ef(0)=ef(1)+1
1 vf(0)+1=vf(1) ef(0)=ef(1) 
1
0 vf(0)=vf(1) ef(0)=ef(1)+1
1 vf(0)+1=vf(1) ef(0)=ef(1) 
                                                                                                                 
Illustration 2.8 Consider a graph G obtained by joining two copies of 2 5( )D C by path 3P . It is 
the case related to k ≡ 1(mod 2). The labeling is shown in Figure 4 
Figure 4
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Abstract
In this paper we discuss cordial labeling in the context of arbitrary
supersubdivision of graph. We prove that the graphs obtained by arbi-
trary supersubdivision of path as well as star admit cordial labeling. In
addition to this we prove that the graph obtained by arbitrary supersub-
division of cycle is cordial except when 푛 and all 푚푖 are simultaneously
odd numbers.
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1 Introduction
We begin with simple, ﬁnite, connected and undirected graph 퐺 =
(푉 (퐺), 퐸(퐺)) with 푝 vertices and 푞 edges. For all other terminology and no-
tations we follow Harary[4]. We will give brief summary of deﬁnitions which
are useful for the present investigations.
Deﬁnition 1.1 Let 퐺 be a graph. A graph 퐻 is called a supersubdivision of 퐺
if 퐻 is obtained from 퐺 by replacing every edge 푒푖 of 퐺 by a complete bipartite
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graph 퐾2,푚푖 for some 푚푖, 1 ≤ 푖 ≤ 푞 in such a way that the ends of each 푒푖
are merged with the two vertices of 2-vertices part of 퐾2,푚푖 after removing the
edge 푒푖 from graph 퐺.
Deﬁnition 1.2 A supersubdivision 퐻 of 퐺 is said to be an arbitrary super-
subdivision of 퐺 if every edge of 퐺 is replaced by an arbitrary 퐾2,푚 where 푚
may vary for each edge arbitrarily.
Deﬁnition 1.3 If the vertices of the graph are assigned values subject to cer-
tain conditions then it is known as graph labeling.
For detailed survey on graph labeling we refer to Gallian [3].
Deﬁnition 1.4 Let퐺 = (푉 (퐺), 퐸(퐺)) be a graph. A mapping 푓 : 푉 (퐺)→{0,1}
is called binary vertex labeling of 퐺 and 푓(푣) is called the 푙푎푏푒푙 of the vertex 푣
of 퐺 under 푓 .
For an edge 푒 = 푢푣, the induced edge labeling 푓 ∗ : 퐸(퐺)→ {0, 1} is given
by 푓 ∗(푒)=∣푓(푢)−푓(푣)∣. Let 푣푓 (0), 푣푓 (1) be the number of vertices of 퐺 having
labels 0 and 1 respectively under 푓 and let 푒푓 (0), 푒푓 (1) be the number of edges
having labels 0 and 1 respectively under 푓 ∗.
Deﬁnition 1.5 A binary vertex labeling of a graph 퐺 is called a cordial label-
ing if ∣푣푓 (0) − 푣푓 (1)∣ ≤ 1 and ∣푒푓 (0) − 푒푓 (1)∣ ≤ 1. A graph 퐺 is cordial if it
admits cordial labeling.
The concept of cordial labeling was introduced by Cahit[2]. In the same
paper author proved that tree is cordial and 퐾푛 is cordial if and only if 푛 ≤ 3.
Ho et al.[6] proved that unicyclic graph is cordial unless it is 퐶4푘+2. Andar et
al.[1] have discussed cordiality of multiple shells. Vaidya et al.[8, 9, 10] have
also discussed the cordiality of various graphs. The cordiality of some shell re-
lated graphs and star related graphs is discussed by Vaidya et al.[11, 12] while
in[13] same authors have discussed cordial labeling in the context of barycen-
tric subdivision.
2 Main Results
Theorem 2.1: Arbitrary supersubdivisions of path 푃푛 are cordial.
Proof: Let 푣1, 푣2, 푣3, . . . , 푣푛 be the vertices of path 푃푛 and 푒푖 denote the edge
푣푖푣푖+1 for 1 ≤ 푖 ≤ 푛 − 1. Let 퐺 be a graph obtained by arbitrary supersub-
division of 푃푛. That is, for 1 ≤ 푖 ≤ 푛 − 1 each edge 푒푖 of the path 푃푛 is
replaced by a complete bipartite graph 퐾2,푚푖 where 푚푖 is positive integer. Let
푢푖푗 be the vertices of 푚푖− vertices part where 1 ≤ 푖 ≤ 푛 − 1, 1 ≤ 푗 ≤ 푚푖.
To deﬁne binary vertex labeling 푓 : 푉 (퐺)→ {0, 1} we consider following cases.
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Case 1 푛 ≡ 0(푚표푑2)
푓(푣푖) = 0; for 푖 ≡ 1(푚표푑2)
= 1; for 푖 ≡ 0(푚표푑2), 1 ≤ 푖 ≤ 푛
Now label 푢푖푗 (1 ≤ 푖 ≤ 푛−1, 1 ≤ 푗 ≤ 푚푖) alternately using 0 and 1 starting
with 0.
Case 2 푛 ≡ 1(푚표푑2)
푓(푣푖) = 0; for 푖 ≡ 1(푚표푑2)
= 1; for 푖 ≡ 0(푚표푑2), 1 ≤ 푖 ≤ 푛
Now label 푢푖푗 (1 ≤ 푖 ≤ 푛−1, 1 ≤ 푗 ≤ 푚푖) alternately using 0 and 1 starting
with 1.
The labeling pattern deﬁned above covers all possible arrangement of ver-
tices. In each case the graph under consideration satisﬁes the conditions for
cordiality as shown in Table 2.1. That is, arbitrary supersubdivision of path
푃푛 admits cordial labeling.
In Table 2.1 푛 = 2푎+ 푏 and 푚1 +푚2 + . . .+푚푛−1 = 2푐+ 푑 where 푎, 푐 ∈ 푁.
Table 2.1 Table showing vertex conditions and edge conditions.
b d Vertex conditions Edge conditions
0
0 푣푓 (0) = 푣푓 (1) 푒푓 (0) = 푒푓 (1)
1 푣푓 (0) = 푣푓 (1) + 1 푒푓 (0) = 푒푓 (1)
1
0 푣푓 (0) = 푣푓 (1) + 1 푒푓 (0) = 푒푓 (1)
1 푣푓 (0) = 푣푓 (1) 푒푓 (0) = 푒푓 (1)
Illustration 2.2
In the following Figure 2.1 arbitrary super subdivision of 푃4 and its cordial
labeling is shown. Here 푚1 = 2,푚2 = 3,푚3 = 4.
v
0
1
1
0
1
0
0
1
1
0
1
0
1
0
u
11
v
2
v
3
v
4
u
12
u
21
u
23
u
22
u
31
u
32
u
33
u
34
Figure 2.1 Cordial labeling for arbitrary supersubdivision of 푃4.
Theorem 2.3: Arbitrary super subdivisions of 퐾1,푛 are cordial.
Proof: Let 푣1, 푣2, 푣3, . . . , 푣푛 be the pendant vertices of 퐾1,푛, 푣0 be its apex
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vertex and 푒푖 = 푣0푣푖 for 1 ≤ 푖 ≤ 푛. Let 퐺 be the graph obtained by arbitrary
supersubdivision of 퐾1,푛 in which each edge 푒푖 of 퐾1,푛 is replaced by a com-
plete bipartite graph 퐾2,푚푖 and 푢푖푗 be the vertices of 푚푖-vertices part where
1 ≤ 푖 ≤ 푛, 1 ≤ 푗 ≤ 푚푖.
We deﬁne binary vertex labeling 푓 : 푉 (퐺)→ {0, 1} as follows.
푓(푣0) = 0;
푓(푣푖) = 1; 1 ≤ 푖 ≤ 푛
Next assign label 0 to ﬁrst 푛 vertices from 푢푖푗 and assign label 0 and 1
alternately to the remaining vertices 푢푖푗 starting with 1.
In view of the above deﬁned labeling pattern the graph 퐺 under consid-
eration satisﬁes the conditions for cordiality as shown in Table 2.2. That is,
arbitrary supersubdivisions of any star 퐾1,푛 admits cordial labeling.
In Table 2.2 푛 = 2푎+ 푏 and 푚1 +푚2 + . . .+푚푛 = 2푐+ 푑 where 푎, 푐 ∈ 푁.
Table 2.2 Table showing vertex conditions and edge conditions.
b d Vertex conditions Edge conditions
0
0 푣푓 (0) = 푣푓 (1) + 1 푒푓 (0) = 푒푓 (1)
1 푣푓 (0) = 푣푓 (1) 푒푓 (0) = 푒푓 (1)
1
0 푣푓 (0) = 푣푓 (1) 푒푓 (0) = 푒푓 (1)
1 푣푓 (0) = 푣푓 (1) + 1 푒푓 (0) = 푒푓 (1)
Illustration 2.4
In the following Figure 2.2 arbitrary supersubdivision of 퐾1,4 and its cordial
labeling is shown where 푚1 = 2, 푚2 = 4, 푚3 = 3 and 푚4 = 5.
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Figure 2.2 Cordial labeling for arbitrary supersubdivision of 퐾1,4.
Theorem 2.5: Arbitrary supersubdivisions of cycle 퐶푛 are cordial except
when 푛 and all 푚푖 are simultaneously odd numbers.
Proof: Let 푣1, 푣2, 푣3, . . . , 푣푛 be the vertices of cycle 퐶푛 and 푒푖 be the edge
푣푖푣푖+1 of 퐶푛 1 ≤ 푖 ≤ 푛 − 1 while 푒푛 = 푣푛푣1. Let 퐺 be the graph obtained by
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arbitrary super subdivision of 퐶푛 where each edge 푒푖 of the cycle 퐶푛 is replaced
by a complete bipartite graph 퐾2,푚푖 where 푚푖 is any positive integer. Let 푢푖푗
be the vertices of 푚푖-vertices part where 1 ≤ 푖 ≤ 푛, 1 ≤ 푗 ≤ 푚푖.
We deﬁne binary vertex labeling 푓 : 푉 (퐺)→ {0, 1} as follows .
Case 1 푛 ≡ 0(푚표푑2)
푓(푣푖) = 0; for 푖 ≡ 1(푚표푑2)
= 1; for 푖 ≡ 0(푚표푑2), 1 ≤ 푖 ≤ 푛
Next label the remaining 푢푖푗 (1 ≤ 푖 ≤ 푛,1 ≤ 푗 ≤ 푚푖) alternately using 0
and 1 starting with 0.
Case 2 푛 ≡ 1(푚표푑2)
푖
푓(푣푖) = 0; for 푖 ≡ 1(푚표푑2)
= 1; for 푖 ≡ 0(푚표푑2), 1 ≤ 푖 ≤ 푛
Next label the remaining vertices 푢푖푗 (1 ≤ 푖 ≤ 푛,1 ≤ 푗 ≤ 푚푖) alternately
using 0 and 1 starting with 1.
푖
It is obvious that number of edges in 퐺 = 푞 = 2푚 where 푚 =
푛∑
푖=1
푚푖. Here 푚
will be odd time sum of odd numbers and can be expressed as 4푘 ± 1 (where
푘휖푁).
when 푚 = 4푘 + 1 when 푚 = 4푘 − 1
⇒ 4∣(푚− 1) ⇒ 4∣(푚+ 1)
⇒ 4∣(2푚− 2) ⇒ 4∣(2푚+ 2)
⇒ 4∣(푞 − 2) ⇒ 4∣(2푚+ 2) and 4∣4
⇒ 푞 ≡ 2(푚표푑4) ⇒ 4∣(2푚− 2)
⇒ 4∣(푞 − 2)
⇒ 푞 ≡ 2(푚표푑4)
Thus 퐺 is an Eulerian graph with 푞 ≡ 2(푚표푑4) which is not cordial as proved
by Cahit[2].
Subcase 3 푚푖 ≡ 0(푚표푑2) for some 푖 and 푚푖 ≡ 1(푚표푑2) for some 푖, where
In this case at least one푚푖 must be even so label all the vertices 푣푖+1, 푣푖+2,...,푣푛,
푣1, 푣2,...,푣푖 alternately by using 0 and 1 starting with 0.
Now label the remaining 푢푖푗 (1 ≤ 푖 ≤ 푛,1 ≤ 푗 ≤ 푚푖) alternately using 0
and 1 starting with 1.
The labeling pattern deﬁned above covers all possible arrangement of ver-
tices. In each possibilities the graph under consideration satisﬁes the conditions
Subcase 1 푚 ≡ 0(푚표푑2) for all 푖,where 1 ≤ 푖 ≤ 푛
Subcase 2 푚 ≡ 1(푚표푑2) for all 푖,where 1 ≤ 푖 ≤ 푛
1 ≤ 푖 ≤ 푛
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for cordiality as shown in Table 2.3. That is, arbitrary supersubdivision of any
cycle 퐶푛 admits cordial labeling except when 푛 and all 푚푖 are simultaneously
odd numbers.
In Table 2.3 푛 = 2푎+ 푏 and 푚1 +푚2 + . . .+푚푛−1 = 2푐+ 푑 where 푎, 푐 ∈ 푁.
Table 2.3 Table showing vertex conditions and edge conditions.
b d Vertex conditions Edge conditions
0
0 푣푓 (0) = 푣푓 (1) 푒푓 (0) = 푒푓 (1)
1 푣푓 (0) = 푣푓 (1) + 1 푒푓 (0) = 푒푓 (1)
1
0 푣푓 (0) = 푣푓 (1) + 1 푒푓 (0) = 푒푓 (1)
1 푣푓 (0) = 푣푓 (1) 푒푓 (0) = 푒푓 (1)
Illustration 2.6
In the following Figure 2.3 arbitrary supersubdivision of 퐶5 and its cordial
labeling is shown. Here 푚1 = 2, 푚2 = 2, 푚3 = 3, 푚4 = 3 and 푚5 = 3.
Figure 2.3 Cordial labeling for arbitrary supersubdivision of 퐶5.
3 Concluding Remarks
Sethuraman and Selvaraju[7], Kathiresan and Amutha[5] have discussed grace-
ful labeling in the context of arbitrary supersubdivision of various graphs while
we investigate some new families of cordial graphs resulting from the arbitrary
supersubdivisions of given graph.
Results on cordial labeling 2329
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Abstract 
In this paper we discuss strongly multiplicative labeling of some cycle related graphs. We prove that cycle with 
one chord, cycle with twin chords and cycle with triangle are strongly multiplicative graphs. In addition to this 
we prove that the graphs obtained by fusion and duplication of vertices in cycle admit strongly multiplicative 
labeling. 
Keywords: Strongly multiplicative labeling, Strongly multiplicative graph, Cycle 
1. Introduction 
We begin with simple, finite, connected and undirected graph G = (V(G), E(G)). Here elements of sets V(G) and 
E(G) are known as vertices and edges respectively. In the present work Cn denotes cycle with n vertices and N(v) 
denotes the set of all neighboring vertices of v. For all other terminology and notations we follow (Harary F., 
1972). We will give brief summary of definitions which are useful for the present investigations. 
Definition 1.1 A chord of a cycle Cn  is an edge joining two non-adjacent vertices of cycle Cn. 
Definition 1.2 Two chords of a cycle are twin chords (consecutive chords) if they form a triangle with an edge 
of the cycle Cn. 
For positive integers n and p with 3≤ p ≤ n − 2, Cn, p  is the graph consisting of a cycle Cn with a pair of twin 
chords with which the edges of Cn form cycles Cp, C3  and Cn+1-p without chords. 
Definition 1.3 Cycle with triangle is a cycle with three chords which by themselves form a triangle. 
For positive integers p, q, r and n ≥ 6, with p + q + r + 3 = n then Cn(p, q, r) denote a cycle with triangle whose 
edges form the edges of cycles Cp+2, Cq+2 and Cr+2 without chords. 
Definition 1.4 If the vertices of the graph are assigned values subject to certain conditions is known as graph 
labeling. 
For detailed survey on graph labeling we refer to ‘A Dynamic Survey of Graph Labeling’ by (Gallian, J., 2009). 
Definition 1.5 A graph G = (V(G), E(G)) with p vertices is said to be multiplicative if the vertices of G can be 
labeled with distinct positive integers such that label induced on the edges by the product of labels of end 
vertices are all distinct. 
Multiplicative labeling was introduced by Beineke and Hegde (Beineke L., 2001, p. 63-75). In the same paper 
they proved that every graph G admits multiplicative labeling and defined strongly multiplicative labeling as 
follows. 
Definition 1.6 A graph G = (V(G), E(G)) with p vertices is said to be strongly multiplicative if the vertices of G 
can be labeled with p distinct integers 1, 2 ,..., p such that label induced on the edges by the product of labels of 
the end vertices are all distinct. 
There are three types of problems that can be considered in the above context. 
(i) Construct new families of strongly multiplicative graphs; 
(ii) How strongly multiplicative labeling is aﬀected under various graph operations; 
(iii) Given a graph theoretic property P characterize the class of graphs with property P that are strongly 
multiplicative. 
In (Beineke L., 2001, p. 63-75) authors have extensively studied some problems of the types (i) and (iii) and they 
proved that 
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• Every cycle Cn  is strongly multiplicative. 
• Every wheel Wn  is strongly multiplicative. 
• Complete graph Kn  is strongly multiplicative if and only if n ≤ 5. 
• Complete bipartite graph Kn,n is strongly multiplicative if and only if n ≤ 4. 
• Every spanning subgraph of a strongly multiplicative graph is strongly multiplicative. 
• Every graph is an induced subgraph of a strongly multiplicative graph. 
The present work is intended to discuss problems of the types (i) and (ii). Here we investigate three new families 
of strongly multiplicative graphs and strongly multiplicative labeling is discussed in the context of graph 
operations namely duplication and fusion of vertices in cycle Cn. 
Definition 1.7 Let u and v be two distinct vertices of a graph G. A new graph G1 is constructed by fusing 
(identifying) two vertices u and v by a single vertex x is such that every edge which was incident with either u or 
v in G is now incident with x in G1. 
Definition 1.8 Duplication of a vertex vk of graph G produces a new graph G1 by adding a vertex vk′  with  
N(vk′)= N(vk). 
In other words a vertex vk′ is said to be duplication of vk if all the vertices which are adjacent to vk are now 
adjacent to vk′ also. 
2. Main Results 
Theorem 2.1 Every cycle with one chord is strongly multiplicative. 
Proof: Let G be the cycle Cn with one chord and v1, v2 ,..., vn be the consecutive vertices of Cn arranged in the 
clockwise direction. Let e = v1vi be the chord of cycle Cn. 
Let us define labeling  f : V(G) → {1, 2, . . . , n} as follows.  
f (v1)  = 1 
f (vi)   = p1 where p1 is the highest prime number such that p1 ≤ n. 
f (vn)   = p2 where p2 is the second highest prime number such that 1 < p2< p1≤ n. 
Now label the remaining vertices starting from v2 consecutively in clockwise direction from the set {1, 2, . . . , n} 
except 1, p1 and p2 as these numbers are already used as labels. 
Then f is a strongly multiplicative labeling for G. That is, G is a strongly multiplicative graph. 
Illustration 2.2 Consider a cycle C6 with one chord. The labeling is as shown in Fig 1. 
Theorem 2.3 Every cycle with twin chords is strongly multiplicative. 
Proof: Let G be the cycle Cn with twin chords. Let v1, v2, . . . , vn be the consecutive vertices of Cn arranged in the 
clock-wise direction. Let e1 = v1vi, e2 = v1vi+1 be two chords of Cn. 
Let us define labeling  f : V(G) → {1, 2, . . . , n} as follows. 
f (v1)  = 1 
f (vi)   = p1where p1 is the highest prime number such that p1≤ n 
f (vi+1) = p2 where p2 is the second highest prime number such that 1 < p2 < p1≤ n 
f (vn)   = p3 where p3 is the third highest prime number such that 1 < p3< p2 < p1≤ n 
Now label the remaining vertices starting from v2 consecutively in clockwise direction from the set  
{1, 2, ...,n} − {1, p1, p2, p3}. 
Then the graph G under consideration admits strongly multiplicative labeling. That is, every cycle with twin 
chords is strongly multiplicative 
Illustration 2.4 Consider a cycle C7 with twin chords. The labeling is as shown in Fig 2. 
Theorem 2.5 Every cycle with triangle Cn(1, 1, n − 5) is strongly multiplicative. That is 
Proof: Let G be the cycle Cn with triangle. Let e1, e2 and e3 be three chords of cycle Cn. Let v1 and v3 be the end 
vertices of e1. Let v3 and vn-1 be the end vertices of e2. Let vn-1 and v1 be the end vertices of e3. 
To define labeling  f:V(G) → {1, 2, . . . , n} we will consider following cases. 
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Case 1: If n is odd 
In this case we define labeling as 
f (vi) = 2i − 1; 1 ≤ i ≤ ( 1) 2n +  
         = 2(n − i + 1); ( 1) 2n + < i ≤ n 
Case 2: If n is even 
In this case we define labeling as 
f (vi) = 2i − 1; 1 ≤ i ≤ 2n  
         = 2(n − i + 1); 2n < i ≤ n 
In each case described above the graph G under consideration admits strongly multiplicative labeling. That is, 
cycle with triangle Cn(1, 1, n − 5) is strongly multiplicative. 
Remark 2.6 In above Theorem 2.5 we discuss strongly multiplicative labeling for Cn(1, 1, n − 5) but it is also 
possible to develop strongly multiplicative labeling when three chords make all possible triangle in accordance 
with Definition 1.3. For the sake of brevity this discussion is not reported here. 
Illustration 2.7 Consider a cycle C10 with triangle. The labeling is as shown in Fig 3. 
Theorem 2.8 The graph obtained by duplication of an arbitrary vertex in cycle Cn admits strongly multiplicative 
labeling. 
Proof: Let Cn be the cycle with n vertices. Let vk be the vertex of cycle Cn and vk′   is duplication and G be the 
resultant graph. We define labeling  f : V (G) → {1, 2, . . . , n + 1} as follows. 
Case 1: n is odd. 
In this case we define labeling  f as 
f (vk′)= 1 
For 1 ≤ i ≤ n − k + 1 
f (vk+i-1)    = 2i + 1; 1 ≤ i ≤ ( 1) 2n −  
      = 2(n − i + 1); ( 1) 2n − < i ≤ n. 
For n − k + 2 ≤ i ≤ n 
f (vk+i-n-1)    = 2i + 1; 1 ≤ i ≤ ( 1) 2n −  
         = 2(n − i + 1); ( 1) 2n − <i ≤ n. 
Case 2: n is even. 
In this case we define labeling f as 
f (vk′) = 1 
For 1 ≤ i ≤ n − k + 1 
f (vk+i-1)    = 2i + 1; 1 ≤ i ≤ 2n  
     = 2(n − i + 1); 2n < i ≤ n. 
For n − k + 2 ≤ i ≤ n 
f (vk+i-n-1)  = 2i + 1; 1 ≤ i ≤ 2n  
                 = 2(n − i + 1); 2n < i ≤ n. 
In each case described above the graph G under consideration admits strongly multiplicative labeling.  That is, 
the graph obtained by duplication of an arbitrary vertex in cycle Cn admits strongly multiplicative labeling. 
Illustration 2.9 Consider a graph G obtained by duplicating a vertex v1 in cycle C6. The labeling is as shown in 
Fig 4. 
Theorem 2.10 The graph resulted from fusion of two vertices vi and vj (where d(vi , vj) ≥ 3) in cycle Cn admits 
strongly multiplicative labeling. 
Proof: Let Cn be the cycle with vertices v1, v2, . . . , vn. Let the vertex v1 be fused with vm where m ≤ 2n⎡ ⎤⎢ ⎥ . Let G 
be the graph obtained by fusing v1 and vm. It is obvious that fusion of two vertices in cycle Cn produces a 
connected graph which includes two edge-disjoint cycles Cm-1 and Cn-m+1. 
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We define labeling f : V(G) → {1, 2, . . . , n − 1} as follows. 
Case 1: n is odd. 
Subcase I: m −1 is an even number and n − m + 1 is an odd number. 
In this case we define labeling f as 
f  ( v1) = m − 2 
f (vi)    = m − 2i; 1 < i ≤ ( 1) 2m −  
           = 2i − m + 1; ( 1) 2m − < i ≤ m − 1 
           = 2i − m − 2; m < i ≤ ( ) 2m n+  
           = 2n − 2i + m + 1; ( ) 2m n+ < i ≤ n 
Subcase II: m − 1 is an odd number and n − m + 1 is an even number. 
In this case we define labeling f as 
f (v1) = m − 1 
f (vi) = m − 2i + 1; 1 < i ≤ 2m  
        = 2i − m; 2m < i ≤ m − 1 
        = 2i − m − 1; m + 1 ≤ i ≤ ( 1) 2n m+ −  
        = 2n − 2i + m; ( 1) 2n m+ − < i ≤ n 
Case 2: n is even. 
Subcase I: m − 1 and n − m + 1 both are odd numbers. 
In this case we define labeling f as 
f (v1) = m − 1 
f (vi)  = m − 2i + 1; 1 < i ≤ 2m  
         = 2i − m; 2m < i ≤ m − 1 
         = 2i − m − 1; m < i ≤ ( ) 2n m+  
         = 2n − 2i + m; ( ) 2n m+ < i ≤ n 
Subcase II: m − 1 and n − m + 1 both are even numbers. 
In this case we define labeling f as 
f (v1) = m − 2 
f (vi)  = m − 2i; 1 < i ≤ ( 1) 2m −  
          = 2i − m + 1; ( 1) 2m − < i ≤ m − 1 
          = 2i − m − 2; m < i ≤ ( 1) 2n m+ +  
          = 2n − 2i + m + 1; ( 1) 2n m+ + < i ≤ n. 
In each possibility described above the graph G under consideration admits strongly multiplicative labeling. 
That is, the graph resulted from fusion of two vertices vi and vj (where d(vi , vj) ≥ 3) in cycle Cn admits strongly 
multiplicative labeling. 
Remark 2.11 
(i) when m > 2n⎡ ⎤⎢ ⎥  the fusion of two vertices will repeat all the graphs which are already considered earlier. 
(ii) when d(vi, vj) < 3 then fusion yields a graph which is not simple and it is not desirable for strongly 
multiplicative labeling. 
Illustration 2.12 Consider a graph G obtained by fusing vertex v1 with v6 in the cycle C11. The labeling is as 
shown in Fig 5. 
3. Concluding Remarks 
On account of its diversified applications, labeled graph is the topic of contemporary interest. We have derived 
five new results on strongly multiplicative labeling. It is possible to investigate similar results for other graph 
families. There is a scope to derive analogous results in the context of diﬀerent graph labeling techniques. 
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Figure 1. Cycle C6  with one chord and its strongly multiplicative labeling 
 
Figure 2. Cycle C7 with twin chords and its strongly multiplicative labeling 
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Figure 3. Cycle C10  with triangle and its strongly multiplicative labeling 
 
Figure 4. Duplication of a vertex v1  in Cycle C6  and its strongly multiplicative labeling 
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Figure 5. Fusion of  v1   with v6  in Cycle C11 and its strongly multiplicative labeling 
 
 
 
 
 
  
